Functional Equation 


Pang-Cheng, Wu 


September 9, 2018 


Contents 


Preface 


O Preliminaries 
WD SEARO en ce ie Be ye eR ce pO Swe a a) ww Ba Go boe eee Oe eS 


1 Basic Concepts 


1.1 What are functional equations? .............. 02020202000] 
Lae eee ke eS ek oe He Oe RE eR at were aae es 
1.3 Injectivity and Sutjectvily . . 24.242 et he eG ee ww ee bed 
1A Cauchy's Functional Equation 2.2. .24¢4 226642 eb doe eee ceed 
1.5 Establishing Inequalities .... 2... 2... eee 
We Saeed k Bow rs DE ge Ee ee ee ee 
Oe a ee Peete be ee apiece BA ae ee eee Soe eRe soste 
WS AERA A SERA BSAA HOR ALIS EEE SESH, 
ee OU ote en & oe Oe ee Ba es Mam ee ee BR ee EE 
WA UE ea! ko al EE ee BES aes AG Se eS SE 


2 Cauchy FE 


ol. Tareancs] Trane: a ek eee he ae he ee eS 
22 VWeviation end Extengwn ....4.4 : 4.544.465 44 eed oe Ped we ds 
Dee SUMO 6k 6 a ek Eck bod ey BER REESE EO REY SAGAR SAG 
Oe: Preis og ete Se ew A Be ee he ee ee ee Sete a 


3 Double Counting 


ol Un be Ne ee Be Re BN eh BD OS EES CEE Dees 
3.2 Three variables method... ... 2... 
eo Jonble Come 2. 16 ke PRAEGER EAL ESE EEE SEGA 
3.4 Exercise 2... 


4 Calculus (Supplement) 


Ad JOG You Miew low fo Cunt? «65 cw cb be wb RE Sede ee EE YEA 
42 (oneiroction of Nuiiibes: 2 ee ee ee ew eae wee eS 8 
Ag Jin; Silt) Cs ok ke SH we we ee A 8 oe ee KE eee 
Am - IOCPEWBUION si dace a a Se ee DE ee aw eB ew EDI S we e Se Eee 
By MOA: 6 22 bed a eee EMDR ER eS LEK EEE EE ES 
45. Urdimary Dillervential Pqvalion. 2. gc 2-2 2% aoe eS ea eek wee eds 
4.7 Lebesgue Monotone Differentiable Theorem ................-. 
ae A ee ge eC Ee eRe OER RED Ew ee 
5 Functional Equation in N/Z 

®.1 Mathematical Induction ..... 2605 6405 fe ee ee Re ee es 
ou Number Theory Facts . 24 6 eae eae eb ee ee ee ee Dee es 

bak About Divisibilty.4 2.4 6a-n4 eho ee Rk ee ee 

oe eer Tee: “ees A See oe ee we le Be SS ee 

Gone Serna én ne ee ce ki eo eS Bee we ee Ee aew eee 
oe Meee A ce ee eh ee eS oA SE Se OEE eS 
Ome OI «oc 6 ee were + We] Bee] ER ee ee oS 
ee APES: caste Secs fe eta oe Bs eet oe OB Se pe ye Be SS es SS Se: 

6 Polynomial 

Oot “Revers 6c ec ese eK we we ES Cee Sb ee So eee ew Oe eS 
Oe POCWOUITA sc 64 4 als ea wR RE KER ES AGREED ORE ROS 
Oe JPPOCQOIING oe bk ew ae PER RES EEE OR ERE OR ERE S 
6.4 Polynomial Functional Equation. ..........0..0...02.00 20000 - 

6.4.1 Naive Method: Compare the Coefficients ................ 

Oe OOUNOWIE ona ee he eb a eA EREDRAER ED AAEA HOES S 

6.4.3 Taiwanese Transformation ........... 0.000 cee eee ns 
Bo Bete | PRK Pe) 2c ek eee ede ee wae Oe ERE Se eS 


7 Appendix 
Tih cic eee veri na oe AS HEA READS © MOE Oe 
2 8, Removed Wxemiplee «2.6601 eee ed ee ed we ed Ge wd le ees 


Preface 


In the past, I learned a lot from AoPS. Many users generously shared their solutions and 
even the ideas. They also kindly helped me to resolve my doubts. I hope to be such a user, 
so I began this project: LaTeXing a handout about functional equation. 


I referred some handouts (not only about FE) and I found out a common phenomenon: full 
of solutions, no motivations. As a past contestant of IMO, I think it’s much important to 
learn the way of thinking. Therefore, I tried my best to illustrate my ideas. 


Of course, the goal of this handout is to investigate common and useful techniques for 
solving functional equations. In chapter 1, we briefly introduce the basic skills: substitution, 
injective, surjective, inequality; In the next 3 chapters, we’ll study special methods for Rt 
functional equations. After, the readers may have the ability to bash R* FEs by Three 
Variables Method or using calculus. Then, we back to functional equations with discrete 
domains: Z,N and polynomial functional equations. I deeply grateful to and would like to 
thank my friends, especially 


e clavin9403: Correc typos and give some advises. 
e USJL: Suggest suitable examples and exercises. 


e YaWNeeT: Complete chapter 4 (I’m not familiar with this method, in fact). 


Pang-Cheng, Wu 
September 9, 2018 


Chapter 0 


Preliminaries 


0.1 Notations 


N : the set of all positive integers 
Z: the set of all integers 


Q: the set of all rational numbers 


R: the set of all real numbers 


No: defined by No = NU {0} 


Rt: the set of all positive reals 


Chapter 1 


Basic Concepts 


Solving functional equations is a main part in Olympiad Algebra. We will first introduce 
the basic ideas. For example, apply injectivity to reduce the equation. Or establish some 
inequalities to find the value of given point. Then, we’re going to solve problems in past 
contests. Finally, we’ll learn supplement materials, which are used to bash. 


1.1 What are functional equations ? 


We begin with a system of equations 


2% —dy=8 
32+ 9y = —12 


This is a special case of functional equations. To be precise, we translate the question to 


Example 1. Find all functions f : {1,2} > R such that 


In fact, when the domain of f is a finite subset A of N, it’s just a system of equations 
with variables {f (a)}aca. So, it’s nature to consider finding all functions with particular 
properties as a generalization. Here is an example, 


Example 2. Find all functions f : R— R such that 


2f («) —5f (y) =8,Ve,y eR 


9 


As dealing with systems of equations, we want to choose several suitable equations and 
solve. For instance, for f (0), the simplest identity is 


2f (0) — 5f (0) =8 


which gives f (0) = —5. 


Example 3. Find all functions f : R—- R such that 


fla)+af(l-2)=2 


for allx ER 


Solution. For any a, the identities in which f (a) appears are 


Direct to get f (a) = ee, It’s over? No, we should verify our answer. As following: 
l—a+a 


OCC ee eee Ce 
x x —-t)= t 
ee eee Oe mae 
7 x? a2 eS 
a ee Oe ee ee ee 


=e 

Remark 1. The question, now, is why we need to check our answer. That’s because, in 
most problems, we won't find all identities in which a given variable appears. The value may 
contradicts to other equations. 

Remark 2. In fact, our central idea is: 


e If f(a) is unknown for some a, choose an equation in which f (a) appears 


e If the variables ( f (something) ) in the chosen equation are known, go to the next step. 
Otherwise, back to Step 1. 


e Solve the system of equations 


1.2 Assertion 
Example 4. Find all functions f : R— R such that 
f(a—y) = fle) + fy) — 2ey 


holds for allz,y €R 


Solution. There are infinite equations being the concern of a given variable. We must choose 
some of them and solve it. Well, it’s clear that for alla € R, we have 


f (0) = 2f (a) — 20° 


Once we know f (0), we get f (a). In fact, the above equation also tells us f (0) = 0 (why?) 
So the only possibility of the function is f (a) =a? for all a. Indeed, 


f(e-y)=(a@-y)? =2? +9? — 2ry = f (x) + f (y) — 2zy 


Note that what we have done is to choose some equations and solve systems of equations. 
Equivalently, we assert values to variables. In the previous example, taking 


f (0) = 2f (a) — 20° 


and asserting x = a,y = a are the same. As the result, I'll say "set x =?, y =?” instead 
of ”choose the following equation”. Assertion is the easiest and most important step in 
solving functional equations. Consequently, let’s do more examples. We’ll see that for most 
problems, f (0) is important. 


Example 5. (Komal) Determine all functions f : R > R such that 


fet+y+f@Sfy) =27y? + 2xy (1.1) 


for allz,yER 
Solution. Set y = 0 into (1.1): 

(1+ f (0)) f (a) =0 
If f (0) A —1, then f (x) =0 for alla € R, which is absurd. So f (0) must be —1. 
Now, we set (x,y) = (a,a) , (a, —a) , (2a, —a) to get 

f (2a) +f (a)? =a! +202 


f (a) f (-a) -1=a* — 20? 
f (a) + f (2a) f (—a) = 4a* — 4a? 


Those implies f (a) = a* —1, which is indeed a answer to (1.1) 


In this problem, we have solved the system of equations. In many ”easy” functional 
equations, solving the system of equations is the key-point. 


Example 6. Find all functions f : NN so that 


fet+y=fa)t+fy)t+3ety) VF) FY) 
holds for all z,y EN 


Solution. Notice that 


f (2a) = 2f (x) + 6ey/f (2) 


Therefore, we can find a function g : N > N defined by g(x) = X/f (x) (why) Then g 
satisfies the following equation 


g(x+y) =g (x) +9(y) +3(e@+y) G(x) gy) 
for all x,y € N. If we know the values of g(1) and g (2), it’s easy to show g is the identity 
map by mathematical induction. As the previous example suggested, when one encounters 


the relation between h(x) ,h(y),h(ay),h(a+y) for some function h, it’s quite useful to get 
h(1),h (2) by taking the following assertions: 


(x,y) = (1,1), (1,2), (1,3), (2,2) 
The remains are left as an exercise. 
Example 7. (2015 Baltic Way) Find all functions f :R > R satisfying for all reals x, y, 
lelf y) + yf (2) =f (ey) +f (7) +4 &) 
Solution. First, consider the assertion (x,y) = (1,1), we get 
2f (1) =2f 1) +f (f()) > f(f (1) =0 


Then, take £= 091: 
f (0) = 2f (0) + F(F (1) 
So f (0) =0. It follows that fora >0, f (a) =0 by setting (x, y) = (./a, 0) 
Finally, since f (f (b)) =0 for allb € R (why) , f (c) = —f (—1)c for all negatives c (why) 


1.3 Injectivity and Surjectivity 


Sometimes, it’s not clear to show, after assertion, what f should be. Perhaps, there are 
too many f, we aren’t sure that whether f (a) appears in equations. Therefore, we hope to 
reduce the numbers of f. There are two ways: injectivity and surjectivity. 


Definition 1. A function f : A > B is called injective if f (a,) = f (a2) implies a, = az 
Obviously, whenever we prove that a function is injective, the equation 
f (something 1) = f (something 2) 
becomes useful. 
Example 8. Find all functions f : Z — Z that satisfy f (0) = 1 and 
FFM) =F F(n+2) +2) =n 
for all integers n 
Solution. Notice that f (f (n)) =n implies f is injective (why) Therefore, 
fF ()) = FF (n+ 2) +2) > f(n) = f(n+2)+2 


Then, by mathematical induction, f (2m) = 1—2m for allm € Z Now, given an odd integer 
k, write k = 21+1. Our goal is to find the value of f (21+ 1). However, note that 


f(f(n))=n and f(2m)=1-—2m 
It follows that 
fee af lS2e plas 7 (2) 2 = 1 = Cl) 
So we conclude that f (n) =1—n for alln €Z 


Remark 3. For convenience, let P (x1, 22,--+ ,2n) be the assertion of a functional equation 
with n variables. Assume there are two distinct elements a,,a2 in the domain of the function 
f with f (a1) = f (a2). We should derive a contradiction by assertions. For many cases, just 
compare two equations. For instance, P (a,,%2,--- ,%n) and P (ag, X2,-++ Xn). 


In the previous remark, we see a standard way for proving injectivity: contradiction 
method. Although the following example can be solved by exchanging 2, y, we still give a 
proof with injectivity. 


Example 9. Find all functions f : Z— Z such that 


f(et+fm)=fle)t+y 
forallz,yEZ 


Solution. /f f (a) = f (b) for some a,b € Z. Compare y = a,b in the equation: 


fle)+a=f@t+f@))=fet+f))=f@)+tbra=b 


In other words, f is injective. As mentioned before, to use the injectivity, it suffices to choose 
an equation of the form 
f (something 1) = f (something 2) 


Indeed, one may assert y = 0 and get 
f («+ f (0)) = f(z) 


It follows that f (0) =0. We then see f (f (y)) = y by taking x = 0 in the equation. Plugging 
back to the equation, 


flat+ty)=f@)+f) 
In particular, f («© +1) = f (xz) + f (1), which implies 
f (x) = xf (1) 
Most of them do not satisfy the original equation, the only possibilities are 
f(a) =2,VxtEZ or f(x) =-2z,Vr EZ 
Remark 4. Here is a useful result: If go f is injective, then so is f 


Proof. Use the contradiction method, again. Suppose f is not injective, then there are two 
elements a,b such that f (a) = f (b). So we have 


g(f (2) =9(f (0) ta=b 


since go f is assumed to be injective. Thus, we conclude that f must be injective. 


For more information, https: //en.wikipedia.org/wiki/Injective_function 


Definition 2. A function f : A > B 1s called surjective if for any b € B, there exists a € A 
satisfying f (a) = b. Equivalently, the pre-image of any element of B is not empty. 


Example 10. Find all functions f,g:R— R such that g is injective and 


f(g(z)+y)=9(@+ fy) 
for all x,y inR 


Solution. Since g is injective, we tend to fix LHS. Thus, set y= —g(x) to get 


f (0) =g9(a+ f (-g (#))) 


There must be a constant c such that 


z+f(-g(z))=c,VzER 


This equation, in particular, shows that f is surjective. Now, the original condition tells us 
g is also surjective. Let a be a real number with g(a) =0. Then 


fy) = 9lat+fly)) ~y-a= gly), WER 


by using the surjectivity of f. Substitute into the original condition, 
f(@+y-a)=a+fly)—a 
which is easy to get f is a linear function (left as an exercise) 


Indeed, for every surjective function, we can replace f (something) to an arbitrary number 
whenever something can be any number of the codomain. 


Definition 3. A function f : A > B is called bijective if f is both injective and surjective. 


Sometimes, it’s not obvious that a function is injective because the condition is compli- 
cate. However, if we know that the function is surjective, then we can reduce the condition 
to a simpler form. Then, maybe it’s possible to show the injectivity. 


Example 11. (2002 A1) Find all functions f from reals to reals such that 


ff (z)+y) =2¢4+f (f(y) —-2) 


A 


forallz,y mn 


Solution. Since there is already a term ”2x”, which is a surjective function. So if we want 
to show f is surjective, we may hope x is ”free”. Therefore, one should choose a suitable y 
such that one of the terms f (f (x) + y) and f (f (y) — x) is a constant. 


P(z,—f (z)) > f(f(-f (@)) -—2) =f (0) - 2 
So f is surjective. Now, suppose that a,b are reals such that f (a) = f (b). Then, 


P(a,y),P(b,y) + 2a + f (f (y) — a) = 20+ f (f (y) — 4) 


We hope a = b, which is equivalent to f (f (y) — a) = f (f (y) — 5) for some y. Note that, so 
far, we have only one known pair (x,y) such that f (x) = f (y), namely (a, b) 


Choose y to be the real with f (y) =a+ 6, the conclusion follows. Finally, one would like to 
set x =0 (why) 
f(FO+y) =fF YM) >fw~ =y¥+t+ Ff (0) 


by using injectivity. Those functions are solutions as 


LHS = f(z<+f(0)+y)=2+y+4+2f (0) 
= 22+ f(yt+f(0)-—2z) =22+f (f(y) -—2) = RHS 


Example 12. (2015 Swiss) Find all functions f :R—> R such that for arbitrary x,y € R 
y¥t+Df(e)+fef@)+fet+y)=y 
Solution. First of all, rewrite the condition, 
f(tfy)+f(et+y)) =A—-f(2))y- f(z) 
So f is surjective (why) Now, assume a,b €R s.t. f (a) = f (b). Consider 
P(0,a) > (a+1) f(0)+f(f(@)) =a 


P (0,6) > (+1) fF) + f(F ()) =8 
If f (0) £1, then f is injective. However, f (0) 41 since 


~ 


P(0,c) > (c+ 2) f (0) =c 
where c is a real with f (c) =0. We conclude that f is bijective. Nect, 
P(c,0) > f (cf (0)) =0= f (ce) 
It follows that f (0) =0. From here, one can easily find the desired function f is 


f(z)=-a, Ve eR 


1.4 Cauchy’s Functional Equation 


So far, one may observe that the domains of functional equations are usually ”R”. Thus, I 
would like to introduce a result of real functions. 


Definition 4. A function f : A > B 1s called additive if 


f (a1 + a2) = f (a1) + f (a2) 
holds for all ay, a2,a, +a. € A 


We consider the situation that A = B = R. By using induction, it’s easy to check 
f (n) = nf (1) 


for all n € Z. (ref. example 9) For rationals, we have 


j (2) =“7@)=2F0) 


The first equality follows from f (nx) = nf (x), which can be proved by induction, also. Now, 
we may expect that f(x) = af (1) for all « € R. However, it’s false! (why?) Fortunately, 
we have a criterion. 


Theorem 1. Anyone of following conditions implies an additive f : R + R must be linear. 


e f is continuous on some interval 
e f is bounded on some interval 


e f is monotonic on some interval 


Proof. For the first one, notice that if f is continuous at one point, then f is continuous 
everywhere. Next, for any real r, choose a sequence of rationals {a,},>1 converging to that 
number. Since f is continuous, 


Pie) = Am faye) = linia (ey Ht) 
N+ Oo Noo 
For the second one, suppose there is a real r s.t. f (r) Arf (1). WLOG f is increasing and 
f(r) > rf (1). Choose a rationals q so that an >q>r then 
LO<f@=CG <i 
a contradiction. For the third, let a, to be any rationals such that na — a, € [a,b]. Then 


|f (na — dn) | = |n (f (@) — &f (1) — (an — ne) f (1) | 2 nlf @) — af 1) | — | (na — an) f 1) | 


which means f (2) must be xf (1), done! 


Note that the method that we used to prove the second (or third) part of theorem 1 is 
useful. That’s because it’s usually easier to determine the function on rationals and one can 
use rationals to approach any real number. 


Example 13. Find all functions f : R > R such that for all reals x,y, we have 


f(x) +f)? +f (@+y)*) = 22? + 2y? + f (ef (y) + yf (2) 


Solution. The original equation is complicate, especially the term f (xf (y) + yf (x)). To 
kick it out, we may hope to have f (0) =0 (why) This is indeed the case, 


P (0,0) + 2f (0)" + f (0) = f 0) 
implies f (0) =0. Neat, subtract P(x,0) and P(y,0) from P (x,y), we have the following 


Q(z,y): f ((e@t+y)?) =f (2) +f (v?) +f (ef (y) + yf (2) 


Then, compare 


P(e dest @y tf) S227 
P (2,0): f (—2)? + f (a oe? 


we see that f (—x) = +f (x) holds for all x. Assume f (a) = f (—a) = 0 for some a 
P(a,—a) + 0= 4a? 6a=0 
Now, if f (b) = f (—b) for some b 
Q (b, —b) + 0 = 2f (b’) 


so b* =0. In other words, b = 0. From here, one can conclude that f must be odd. Finally, 
add two equations Q (x,y) and Q(x, —y), 


f ((@+y)) +f ((@—y)’) =2f (2?) +2F (y’) 
If we set g(x) = f (x7), it becomes 


g(a+y)+ g(a —y) = 29 (x) + 2g (y) 


The remains are left to readers: 


Exercise. 1. Show that g(nz) =n?g(x) for alln EN andr eR 


2. Notice that g(x) < 2x. Try to prove that g(x) = g (1) 2? holds for alla € R 


We return to an application of the theorem. 


Example 14. (2015 Korea) Find all functions f : RR R such that 


f (0? + f(y?) = F (w+ 9 


holds for all reals x,y 


Solution. Start with 
FF (F (22 + F(W))) =F (F (2) + 99) = 27+ FY) 
By using the surjectivity of x?°!°, we get f (f (x)) =x and thus, f is bijective. Now, 
P (a, f (0) + f (a) = f@)P" + FO 
and then 
P (x, f (y)) > f (a7 +9?) = fayPP + fF (yh? = F(a) + f(y?) — 2F (0) 
Again, use the surjectivity of x?°, the above becomes 
f(et+y) =f (e) +f) —2F 
One should be able to determine the value of a (hope so) Thus, we have 
f(et+y)=f(e)+ f(y) and f(a) = f(x)” 
We claim that f is linear: Given any real number x. We have, for any rational number q, 
feta? =(F@)+F QPP =F PP af UF + + PECL 
On the other hand, 
fet gy’ =F (et ay”) = Flay"? + 2015af (2) +--+ PFA) 


Since q can be arbitrary, f (72°!) = f (1) f (x)? (why) In particular, the second condition 
in the theorem is fulfilled. The conclusion follows. 


Example 15. (2017 CSP) Find all functions f : Rt > R such that 


fo) Fler) =F() tery 


holds for all x,y € Rt 


Solution. Because we expect the only non-trivial solution 1s 


1 
f(x) =—, Ve € Rt 
Zz 


we want to show that f (x) £0 for all x € Rt 
Assume a € R® so that f (a) =0. Given b <a, 


P (b,a—b) > f (b) =0 
Also, notice that 
P (a, large) > f (large) = 0 
Combine those results, we conclude that f = 0 


Now, suppose f (x) £0 for all x € R*. It’s easy to see f (1) =1 (why) So 


P(x, ") > f (a) = 2f (22) 


We have 


and thus, 


2f(#)+2 2) Fy)  2F( 


It follows that f is multiplicative and 


faMFM=F@+Ffw)fety) 


By using theorem 1, we know that (why) 


et. Ae Fo an 


1.5 Establishing Inequalities 


Sometimes, it’s not straightforward to find a proof of f (a) = 6 for some given a, b. Instead, 
we try to prove the following inequalities: 


f(a) >b and f(a) <b 
which maybe much easier to handle. 
Example 16. Find all functions f: NN with f (1) =1 and 
f(a@+5)>f(x~)+5 and f(a#4+1)<f(x*)4+1 
holds for alla € N 
Solution. By the second inequality, 
f(x+5) < f(z) +5 
Combine it with the first inequality, we get 
f(@)+5< fle+5) < f(z) +5 


So the equality of f(a +5) < f(x) +5 must hold, which implies f (a +1) = f(#)+1. A 
simple induction will give f (n) =n for alln EN 


Because the condition is already an inequality, it’s very straightforward to come up with 
such a solution. 


Exercise. Find all functions f :R— R such that 


f(x) + fly) = 2f(a+y) 


holds for allz,y € R 


Let’s , now, do a ’true” functional equation. 


Example 17. (2017 OAO Shortlist) Find all functions f : N +N such that 


ee: Gil, 
Pace 


holds for all natural number n. 


Solution. We want to find two relative equations. Here is a simple way, compare P (n) , P (f (n)) 


From above, we get that f(n) > n—1 (why). In other words, f(n) > n for alln €N. 
Therefore, 


n 


“1 1 
1 ry Aan 


i=1 
It follows that f(n) = n must hold for all natural n, which is clearly a solution of the 
functional equation. 


Exercise. (Socrates) Find all functions f : N > N such that for each positive integer n, 
there exists a positive integer k with 


To establish an inequality, we should take large numbers into consideration. For instance, 
Example 18. (2014 Taiwan) Find all increasing functions f : N + N satisfying f (2) = 7, 
f (mn) = f (m) + f(n) + f (m) f(r) 

for all positive integers m and n 
Solution. Recall the well-known identity: 
(x+1)(y+]l=ry+r+y4+1 
One tends to rewrite the condition: 
f (mn) +1 = (Ff (m) +1) (f(r) +1) 


Let g(n) := f (n) +1, we then have g (mn) = g(m) g(n) holds for allm,n EN. Now, 
3y 


n” S12" S logon > J es g(n) = g(n*)2 > g (2%) =Qe 
- 


This gives the lower-bound of g(n), namely n°. A similar argument gives g(n) <n? 


Note that. whenever the codomain of the function is R* or N, we have a trivial inequality. 


Example 19. (2016 Poland) Find all functions f : Rt + R* such that 
2f (FF (@))) + 5F GF (@)) = f (@) + 6a 


holds for all x € R+ 


Solution. If one does not familiar to recurrence, take a look: https: //en. wikipedia. 
org/wiki/Recurrence_relation. Given anyx € R. Let a; = f'(x). Then conditions 
P(az),P(f (#)),--- becomes 


2043 + DAj42 = Ai41 + 6a; 
for alli E No. To get the general formula of a;, we should solve 
0? be = — 6S 0 


The roots are 1,—2,—3, a; =b+c(-— ray +d (—2)" Ifb orc is not zero, then a; < 0 for some 
integer i (why) This ean the sequence {a;};>9 is constant. In other words, f (~) =x. Note 
that the choice of x can be arbitrary, we conclude the answer to this problem is 


f(x) =2, Ve € Rt 


In most problems, one needs to establish the recurrence. 


Example 20. (Socrates) Determine all functions f : Rt + R* such that 
fF) +y) + fry) = 2x + 2f(y) 


holds for all x,y € Rt 


Solution. We have the following equations: 


P(2,f(1)) > f(F@)+ FO) + fet f()) = 2a + 2f (Ff (1) 


(x 
P(e,1)—> f(f le) +1) + f@ +1) = 2a + 2f (1) 
P(l,a) > flet+fQ))+ f+) =2+2F @) 
PUL, f(@)) > f(F@)+ FO) + f+ f(a) =2 + 2f (x) 


So, 
fF (@)) = 20 — f(a) + (FF) + £) - 2) 
Denote f (f (1)) + f (1) —2 byc, then 


f (f (@)) = 2a — f(x) +e 
A simple induction gives 
(f («) +20 +ne- 5) += (-2)" (x - f (2) +=) 


The remains are easy. 


1.6 Exercise 


To get a better feeling, I strongly suggest that the readers do lots of functional equations 
because we usually come up with a great idea due to our experience. 


1.6.1 2014 


Problem 1. (Baltic Way) Find all functions f defined on all reals and taking real values 
such that 


fifw)+fe-y =f (ef (y) -2) 


for all real numbers x, y 


Problem 2. (ELMO) Find all triples (f,g,h) of injective functions from the set of real 
numbers to itself satisfying 


f(e@+fy)) = g(x) +hly 
(c+ g(y))=h(x)+fly 
h(x+h(y))=f(x)+g9(y 


for all real numbers x and y 


Problem 3. ([ZHO) Does there exist a surjective function f :R — R satisfying 


fF (a) =(@-Df(«) +2 
for all real x 
Problem 4. (Kazakhstan) Find all functions f :Q x Q— Q such that for all x,y,z €Q, 
faytfYy2+fe2) =fO,¢+y + 2) 
Problem 5. (USA) Find all functions f :Z— Z such that 


aaa 


x 


af (2f (y)-—2)+y’f (2x f (y)) = + f (yf (y)) 


holds for all x,y € Z with x 40 


1.6.2 2015 


Problem 6. (Belarus) Find all functions f (x) determined on interval [0,1] satisfying 


{ f (x)} sin? x + {x} cos f (x) cosx = f (x) 
Problem 7. (Canada) Find all functions f : NN such that 


(n-1)? < fin)f(f 


for every positive integer n 


(n))<n?+n 


Problem 8. (Greece) Find all functions f :R— 


R satisfying 


yf (z) + fly) = f (xy) 


for allz,yER 


Problem 9. (Turkey) Find all the functions f : 


R —>R such that 


f (x?) + 4ay’f (y) = (f (@—y) ty) SF (ety) t+ f(y) 


holds for every x,y € R 


1.6.3 2016 


Problem 10. (Balkan) Find all injective functions f : R > 


number x and every positive integer n, 


n 


i=1 


Slif (@titl —-f (Ff (e+) 


R such that for every real 


Problem 11. (EMMO) Find all functions f : N — R such that 


aaa 


k= 


holds for alla € R andneN 


= [ef (n)] 


< 2016 


Problem 12. (HMMT) Let f:N—N be a function such that for w,x,y,z © N 
ff (Ff (2) f wef Vf ()) =F (ef (y)) fw) 


Show that f (n!) > n! for every positive integer n 


Problem 13. (Netherland) Find all functions f : R > R such that 


f(zy-1) +f (x) fly) =22y-1 


holds for allz,y €R 
Problem 14. (Norway) Find all functions f : R — R such that 


ry+1 
u—Y 


Fe) fv) = beat 


holds for alla AyER 


Problem 15. (Romania) Determine all functions f :R > R such that 


f (@) —f (6) < (f@ +4) (a— f (6) 


holds for alla,y ER 


1.6.4 2017 
Problem 16. (Belarus) Find all functions f : R* > R* satisfying the following equation 


f(a+ f (ry) =af (+ fy) 
Problem 17. (Greece) Find all functions f,g : RR — R such that g (1) = —8 and 


f(x—3f ty) =2f (y) — yf (x) +9 (2) 


holds for allz,y €R 
Problem 18. (IZHO)Find all functions f : R > R such that 


(x+y) f yf (2) = auf (y’ + f (2) 


holds for allz,y €R 

Problem 19. (Pakistan) Find all functions f : Rt — R* such that for all distinct x, y, z, 
fle’) -FMFR =f) FW FH (Fy) — FR) 

Problem 20. (Turkey) Given a real number a, try to find all functions f :R — R so that 


f(zy+ f(y) = yf (x) +a 


for every x,y € R 


Chapter 2 


Cauchy FE 


In chapter one, we have introduced some terminologies. Recall the statement of theorem 1: 
For an additive f : R > R, any of the following conditions guarantees that f is linear. 


e f is continuous on some interval 
e f is bounded on some interval 


e f is monotonic on some interval 


We’re not contented because additivity and others are strong conditions. 


2.1 Taiwanese Transformation 


If one makes a suitable transformation, then he/she will get another useful result. 


Example 21. All monotonic functions f : R— Rt such that 


flat+y)=f (x) fy) 


are f (x) =a’, Vx € R for some constant a. 


Solution. Define g : R > Rs, by g(x) = log f (x 


). 


It’s also monotonic since it’s the 


composition of two monotonic functions. Now, the original equation becomes 


g(a+y) = g(x) + gy) 


We deduce g(x) =cx,Vx € R for some constant c, which means 


f(a) =a’,Vre 
for some constant a (why) 


27 


R 


Exercise. Find all continuous functions f : R— R so that 


f (zy) = f (x) fy) 


for allx,y € R. PS: Such a function is called multiplicative. 


Remark 5. A multiplicative function satisfying Cauchy condition must be zero or identity. 


Proof. Notice that if a function is multiplicative, then 
ie) = fay 20 


So f is bounded on some interval. It follows that f is linear. 


Exercise. Find all continuous functions f : R— R so that 


f (xy) = f(x) + fly) 


for allz,yER 


Example 22. Given a constant a. Find all functions f : R* — R* so that 


f(et+ty=fla)+fly)+a 


holds for all x,y € Rt 


Solution. Why we want to transform the function? Because we hope to show that f is 
linear by using Theorem 1! Thus, after guessing the answer to the FE, we should apply the 
corresponded transformation. In this example, one may guess 


f(x) =cxr-—a, Vt ER 


for some constant c € R are the only functions satisfying the conditions. So, we tend to 
define g: R* +R such that 


Then the identity becomes 


which is trivail? 


Another example, 


Example 23. Given a constant d. Find all continuous functions f : R— R so that 


f(e@t+yt+d)=f(z)+fy) 


holds for x,y ER 


Solution. This is similar to the previous one. First of all, one need to guess the answer. 
Assume that f is linear: 


f(z) =ar+b 


for some constant a,b € R. Then we must have 


axt+aytad+b= LHS = RHS =ar+ay+2b<3b=ad 


In other words, 


f(a) =cr+cd=c(x+d),VzreER 


for some constant c € R. Define g: R- R by the following rule 


g(x) = f(x+d) > g(x@t+y) = g(x) +g[y) 


Exercise. Given two real numbers a,b. Find all continuous functions f : R— R such that 


flat+yt+a)=f (x) +fly)+b 


holds for all pairs (x,y) € Rx R 


Before the next subsection, I would like to summary our previous work. (under a suitable 
situation i.e., bounded) 


Condition Transformation Solution 
f(ie+y=f@+fly) cx 
f(e+y) =f (x) fly) g(x) = log f (zx) ar 

f (wy) = f (x) fy) g (a) = log f (a*) ge 
Jey) = forte) g (x) = f (a*) loga 

flety=f(z)+fy)ta g(x) =f (x) +a cr — a 

f(x Ee eAC Ee Fy) g(x) = f (x@+a) c(x +a) 

flety+a=f(e)+fy)+o| g@=fltat+b| clrta)—b 


2.2 Variation and Extension 


Return to additive functions, we have proved that under suitable conditions, they must be 
linear. In this section, we’ll investigate more ”suitable conditions” . 


Example 24. Find all additive functions f : IR > R such that 


* 


A 


F (<) MG) aioe 


Solution. Notice that if f is a solution, then —f is also satisfies the conditions. So, let’s 
assume that f (1) =1. We'll calculate f (=>) in two different ways. 


te) -5(;) =H) Go a Gere 


On the other hand, 


; ( 1 Sa ae 1 
gta} f(er+x)  f (x2) +f (2) 
It follows that 


A 


f (x?) =f (x), Vee 
And therefore, by the corollary, f must be the identity. 


This calculation is tricky, but it helps in many variations. More examples, 


Example 25. (2008 Korea) Find all additive functions f : R — R such that 


(2) =1O vce 
x 


i 
Solution. This one looks very similar to the previous. We still assume f (1) = 1 and 
calculate the same expression f baee) 
r( di ) -7(+) -1( if ) Oe ik ae oe eee i 
Ste z os sl a (x +1)? (x2 +2)? 


It equals to 
(eee) fe she) 


(x? + 2)? (x? + x)? 


which is equivalent to 
e (az) p= Def (x) 


Now, it’s not obvious to show f is the identity. So we tend to calculate another expression 


r((=+4) =f (e424 5) =20f (0) - 0° + 24 af (3) = 7 
af x £ Bi 


From early result, it must equal to 


1 1 1 
2(2+2) f (242) 2-2-5 
e x % 


After reduction, we find that f(x) =2, Vr ER 


Sometimes, we have a partial Cauchy’s condition. 


Example 26. Find all continuous functions f : RR — R such that 
f(ety)=f(ra)+fly),V2eeER and ye Rt 
Solution. For any a,b € R, choose a large c > 0 witha+b+2c,b+2c> 0, we have 
f (a+b+ 2c) = f(at+b) + f (2c) 


On the other hand, 
f(a+b+4+ 2c) =f (a)4+ f (64+ 2c) = f (a) + f (6) 4+ f (2c) 
Thus, f is additive and must be linear. 


To derive the Cauchy’s condition from a partial Cauchy’s condition, we usually take 
another sufficiently nice number and count a specify expression in two different ways. 


Example 27. Find all continuous functions f : IR — R so that 


flaty)=fe)+f) 
for allz,y € R satisfying |x — y| < 1. 
Solution. [ll show that f (x+y) = f (x) +f (y) for all |x — y| < 2. Indeed, 


of (=) =f (0) +f (2.2 (4) =f) +f) 


2 2 


where z = me Now, notice that 


of (S) Of LS] = 2f (He*) = 2f (22) = 4f (2) 


fla) + fy) =4f (2) — 2f (2) = 2f (2) =f@ety) 


One can use induction to establish the Cauchy’s condition. 


Therefore, 


As the previous example suggests, extending several times may be much easier 


Example 28. Find all functions f : Rt 4 R™ satisfying the equation 


feta) +fle+y) =f Qe+2+y),Vay,2eR' with 2y< 2? 


Solution. Jl use induction to prove that f is ’almost” additive. Given a small €, we claim 
fietet+fw)=f(e¢tetw) forall w>z> 133 


By the condition, it’s true for w € (z,z+ 2°). Suppose it’s true for w € (2; z+ nz?) 


Consider w € (z+ 22? —e,z + ™27). Note that 
2 2 


4/24 tte Fe+w<yf/z4 tie te+z4 BOT P< det ne? 
1 
r(y ae ‘ + f (w) = 2f (a) 


where a € (z, zt+ nz?) According to the inductive hypothesis, 


erosarte)=s (yer 2 tte | ‘ ay, (et) 


As the result, f (z+¢)+ f (w) =2f (4S) = f(z+e+w), as desired. 


We have already proved that f (x) + f (y) = f (a+ y) for large x,y € R*. Thus, f (x) = cx 
for all large x € R*. Finally, because f (2%) = 2f (x) ,Vx € Rt, we get f (x) = cx, Vx € Rt 


Thus, 


In fact, in these examples, we just extend the size” of a particular set. Formally, let 


So = {(2,y) |f (a@ +y) = f (x) + f(y) is proved} 


Our goal is to find sets S$), S9,..., 5; such that 


So © Si, ¢ So C ie « = RxR 


and it’s easy to extend S;_; to S;. We can modify our set Sp. For instance, consider 
So = {x|f (x) = 2° + is proved} 


This method is used whenever a nice property holds for sufficient large numbers. 


Example 29. (2014 Iran) Find all functions f : R* + R* st for all positive reals x,y, 


1 Fern) +4 Sry) 21 


Solution. Notice that the domain of this function is R*, so we can’t have 


xrt+1 
rf (y) 


As I said in chapter one, establishing inequalities is helpful for Rt functional equation, 


100-1 ren) +1 Sg) <tg 


=y=> yf (y) <1, Wye R* 


which is equivalent to 
(x +1) f(@+1) 2 yf (y) 


Therefore, we have 


ear 
a and arr 
We know the first one implies y > f (x +1) = ae Under this condition, if y > sy 
i ee al G+ 1 
a0 7 7 2d 
From here, we can get 
f(a) =-, Vx > ; 


Repeat this argument (formally, use mathematical induction), 


1 
f(x)=—, Ve € Rt 
e 
Remark 6. There are some related problems. See the following link: 


https: //artofproblemsolving. com/ communi ty/ u141363h1115981p5108071 


2.3 Applications 


Example 30. Find all functions f : R- R satisyfing 
e f(x) fy) < flzy) 
ef(x)+fy<sfarty) 


Solution. For non-trivial case (f = 0), We hope to reverse <. A common way is to multiply 
—1 on both sides. So we want to show that f 1s an odd function, 1.e 


f(a)+f(-—2) =0, VeeER 


First of all, we have 
f (0) < f(0), 2f (0) < FO) 
which implies f (0) = 0. From here, we get 
f(z) + f(-z) < f (0) =0 


To show the other one, it seems that we need f (—1) = —1. Notice that there exists a number 
a such that f (a) £0, therefore, 


0= f(0) > fla)+f(-a) 2 (fF) + f(-)) f (2) 
Similarly, 

0ST er @a =e] Fela F))7 ee) 
As the result, f (—1) = —f (1) = —-1 (try to find out f (1)) 


Example 31. (2017 Thailand) Determine all function f : R > R such that 
fF@)+y)=r+ fw 


holds for every x,y,z © R 


Solution. Clearly, f is a bijective function. Suppose a is the root of f. Then 


f (az) = f (f (a) +42) =a+ f(a) f(z) =a 
It follows that a must be zero and so (by setting y = 0,x = 0, respectively) 


ff@))=2, fyz=fmfrle 
To make use of the first identity, we may substitute x by f (x) and get 


f(a+yz) = FFF (@) +92) =f@)+ fw) fl) = fe) + fe) 


which means f is additive. We conclude that f is identity. 


Example 32. (2018 Korea) Find all functions f : R > R satisfying the following conditions: 


e f(u+y)— f(x) — fy) € {0,1} for all x,y € 
e | f(x)| = [a] for all real x 


A 


Solution. At first glance, we wander when we have 


f(rt+y)=fla)+fy) 


and when 
flety=f(e)t+fy)t1 


happens. Notice the second condition is equivalent to 
[tz] < f(x) < |e] +1 


So it seems that there is only one way: establishing inequalities. 


Also, it’s natural to consider the interval |0,1) because of the floor function condition. For 
any two numbers x,y € |0,1), we have 


O<f(z)t+fly) <2 


Thus, if f (w+ y) lies in [0,1), then f (a+y) =f (x) +f (y). 


According those discussions, we know at least f is additive on the interval (0, >) and bounded. 


f (a) =cz, Va € (0, .) 


for some constant c. Now, one should be able to extend this result to the following 
f (xz) =caz, Vz € [0,1) 


and conclude that 


—_— 
— 
& 
I 
8 
x 
8 
MM 
A 


—e 
= 
| 
8 
| Caen 
< 
8 
an) 
A 


Remark 7. CEH mentioned that even if the first condition is replaced by 


11 
Flety)—f@)-FM)EIGL5.g--4 


the problem is still solvable. I didn’t try this generalization, so I’m not sure ... 


Example 33. Find all f :R—R satisfying 


f(et+f(zy))=f@)fyw+f(-y) 


holds for allxz,y € R 


Solution. In the condition, take x =0 and get 


f(F(0)) = FO) Fly) + f(-y) 


Tf (0) =, then 
f(a@t+1)=f(«)+1 


by setting y= 0. In particular, f (1) = 2 and the condition can be rewritten as follows. 


f(a+f (xy) = (f(x) -1 f(y) +2 


Because we could take 1 out of the brackets., we tend to consider P (x,y + +), 


f (2) (1 (v+=) - 4) =1 
t(v+=)-1)=#(2)-10 


which means f —1 is additive (replace 2 by 0, the identity still holds) and thus, f is multi- 
plicative (why?). According to the corollary, f is linear and so 


Consequently, 


f(z)=2+1, VeeR 


In the above partial solution, it’s natural to diwide the problem into two cases. That’s because 
if f (0) A 1, then we can get a useful identity, immediately. This case is left as an exercise 
for the readers. 


2.4 Exercise 


Problem 21. Find all f : 


Problem 22. (2017 Iran) Find all functions f : Rt 


“1(Ger(9) 


Rt +> 


Rt such that 


f(f@+y)-fy)-fle-y)=y 


a Ply) 


rf (y) 


Problem 23. (1979 ISL) Given a function f : 


f(zytet+y=f(x)+fiy)+f(ty), Vz,yeR 


Show that 


— Rt such that 


R 


R such that 


fict+y=f(r)+fy), 


Vc,yER 


Problem 24. (Serbia) Suppose a non-constant function f : R — R satisfies 


f(x) f(@-yt+f@flety)=fle) +f (y)? 


Show that f is additive. 


Problem 25. (2018 SRMC) Determine all functions f : R— R such that 


f(@+)=f(e) +1, 


Problem 26. (2016 APMO) Find all functions f : 


f (z+ -— 2?) = f(x)" - f (2) 


Rt — Rt such that 


(2+1)f(at+y=flefl)+y+flyf (2) +2) 


holds for allz,y ER 


Problem 27. (2014 Iran) Find all continuous functions f : Rs9 + Rso such that 


f(xfy)) +f (fy) =f (x) f(y) +2, Vr,y € Rso 


Problem 28. (2002 A4) Find all functions f : 


(f (2) + (2) Fy) + £(@)) = fey — 2t) + f (at + yz) 


for all real x,y, z,t 


R 


R such that 


Problem 29. (2003 A5) Find all functions f : Rt + R* such that 


f (yz) + f (2) + FY) + Fle) =F (Vey) fue) f (v2) 


and f (x) < f(y) whenl<a<y 


Problem 30. (2009 A7) Find all functions f : R— R such that 


f(af(e@+y) =fyf (2) +27,Ve,yER 


Problem 31. (2012 A5) Find all functions f : R > R such that 


fdt+ay)-flet+ty)=f(x) fy), v2,y,ER 


and f (—1) £0. 
Problem 32. (2013 Brazil) Find all the injective functions f : R* + R* such as 
f(at+y)-(f(@) +f) = f(xy) 


for all x,y € R* witha +y40 


Problem 33. (2016 EMC) Determine all functions f : R — R such that equality 


fletyt+yf (2) =f@)+fy)+zf &) 


holds for all real numbers x, y 


Problem 34. (2017 Azerbaijan) Find all functions f : RR — R such that 


f (x +yf (2*)) = f(z) +2f (zy) 


for all real numbers x and y 


Chapter 3 


Double Counting 


3.1 Switching 


Basically, LHS and RHS, in the equation, must hold the same properties. For instance, 
if LHS is an increasing function of x, then RHS is also an increasing function of x. In 
particular, if LHS is symmetric w.r.t the variables, then so is RHS. If this is the case, we 
simply exchange the variables and observe what would happened. 


Example 34. (Socrates) Find all functions f : R— R such that 


f (Ff (v) +f (y)) =f (x?) + 227f (y) + f(y)? 


holds for allz,y € R 


Solution. Notice that the left hand side is already symmetric. Switch x,y, we see that 
f (x?) + 20°F (y) + f(y)’ = f(y?) + 29°F (a) + F (2) 
We now want to choose y that minimizes the number of uncertain values. After solving 
y?—-y=-0ey=0,1 
we tend to “take” two equations: 


P(x,1) > f (x?) + 20? f (1) + f (1)? = f (1) + 2f (x) + f (2) 
P (x,0) + f (x?) + 2x? f (0) + f (0)? = f (0) + f (x)? 


From here, one can easily get the answers 


f(x) =0,Vz ER or f(x) =2?,Vr ER 
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Indeed, switching the variables is equivalent to comparing P(z,y),P(y,x). We usually 
get a simple identity, which is much easier to solve the function. The only bad news is: In 
most of the problems, LHS and RHS aren’t symmetric. 


To deal with this situation, we can assert a special form to one of the variables. 


Example 35. Find all functions f : NN so that 


f(f(z)+y)=2+f ly), Vr,yEN 


Solution. As the previous comment, to make LHS become symmetric, substitute f (y) for 
y, then we get 


fF@+fy))=a#+ fF) 


Nou, the LHS is symmetric and we can switch x and y (Hooray!) 


e+ffw=FFM+fO)=fFW +f) =9+ fF) 


This means 
fif@)=zt+e Vzen 


for some constant c (why) Recall, in chapter one, I have mentioned: Always use the little 
result to get another identity. In this example, 


Pia, fy) af @+yt+oH=f a) +i iy) 


So f is eventually linear. Like what we do in chapter three: for any given x, take a sufficient 
large y, we can see that x, f (x) satisfy the same linear equation and we conclude that f is 
linear. The rest is easy. 


Remark 8. Jn chapter one, we solve this FE by using the injectivity. 


Example 36. Find all functions f : R—- R satisfying the following equation 


flaf ly) -—@= f(xy), Va,y € 


Solution. Jt seems that we could do our magic trick 


f(afy)) -—#= f (ty) = fly) = Ff (@) -y 


This identity isn’t very useful. Thus, we need to find another one. Rewrite the condition 


f (xf (y)) = f (ty) +2 


A 


Replace x by f (x), 
FF (2) fy) =f Fwy) +e = fey) +y4+ f(z) 


Since now LHS is symmetric, 
f (vy) +y+ f(x) =f (yx) +e+ f(y) 
must hold. And thus, f must be linear (why) Assume f (x) = ax + b, we have 


LHS =azf (y)+b= az (ay+b)+b=a’xyt+abr+b 
RHS =ary+b+2 


Compare the coefficient, a= 1,b = 1. In other words, 


f(z)=2+1, VeeER 
Example 37. (2016 Iran) Find all functions f : N > N such that for all a,b € N, we have 
(f (a) +6) f (a+ f ()) = (at f(b)’ 
Solution. Similar to example 33, we have 
(F(F(@) +9) fF @+F 0) =F @ +f (6)? 


As the result, 
f(f(m))=n+e 


for some constant c. Note that f has fied point: 
P(a,a) > f(a+ f(a)) =a+t f(a) 
It follows that f (f (n)) =n for alln EN Now, 
(f(a) +f) f (a+b) = (a+b) 
The rest is easy. Example 6 


Although this trick is useful, there are still many problems can’t be solved in this way. 
For example, 


Example 38. (Based on: 2014 Romania) Find all functions f : Rt + Rt such that 


f(x+3f (y)) =f (2) + f(y) + 2y, Vz,y € Rt 


Fortunately, if we modify our trick a little bit, the previous FE becomes trivial. 


3.2. Three variables method 


As the previous discussion, we hope to find a more useful trick. Our idea is simple! Usually, 
we got stuck after switching variables because there are many restrictions. Consequently, we 
introduce a ” free” variable in order to ignore the restrictions. 


Example 39. (Socrates) Find all solutions f : Rt + R* satisfying the equation 


f(aty) =f (x) +2f (zy) + f(y)’, Ve,y € Rt 


Solution. Despite the consequences, replace y by y + 2: 
f(et+yt2) =f (ve) +2f (elyt2)) +f y+2) 
Notice that the term f (y +z)” can be further simplified: 
f(y+2) =f (yy +2f (yz) + f(z) 

As the result, 

fle+yt2) =f (a) +f +f) +2f @ wt z)) + 2f yz) 
Cyclic the variables, we get 

f (yz) + f (zy + 2a) = f (zx) + f (yz + zy) = f (zy) + f (ze + yz) 


Since there is always a solution to the system of equations: yz = a,zx = b,xy = c, the 
identity can be rewrote as 


fla)+fbt+tog=fO)+fleta=fotflatd) 


Fiz b,c, we see that 
flato-f@=flb+eo)-f() 


In other words, 


f(et+e)=f(e)+(f(b+e)— f()) 
Define g : Rt > R by g(c) = f (b+ 0c) — f (0), then 


f(e+y)=r+ gy), Vz,yeR* 
which is an easy exercise. 


Remark 9. Note that the function g is well-defined 


Example 40. (Based on: 2014 Romania) Find all functions f : Rt — R* such that 


f(a@+3f (y)) =f (@) + f(y) + 2y, Vz, y € RT 


Solution. Observe the equation 


f(et+3fytz)a=f@t+fiyt+z)+2yt+2) 


We hope that there is another way to calculate LHS. According to the condition, we tend to 
replace z by 3f (z): 


LHS = f (z+ 3f (y) + 3f (z) + 62) 
=f (2+ 3f (y) +62) + f @) +22 
= f (a+ 6z) + f(y) + 2y + f(z) +22 


On the other hand, 


RHS = f (x) + f (y+ 3f (z)) + 2y + 6f (z) 
=f (x)+f ly) +f (2) + 2z + 2y + 6f (z) 


We conclude that 
f (v + 6z) = f (x) + 6f (2) 


holds for all x,y € Rt. Now, 


f (6x + 6z) = f (6x) + 6f (z) > 6f (z) = f (6z) +c, Vz E R* 


for some constant c. Therefore, 


fetz=fa)t+fete 


which implies f is linear (why) and thus, 


f@)=2, Vre Rt 


Remark 10. Because we want to calculate an expression in two different ways, we usually 
“iterate” our condition. Besides, since we exchange two variables, we usually need to deal 
with something like Cauchy FE and get the additivity. 


Example 41. (Socrates) Find all functions f : Rt —+ R* such that 


f (2x +2f(y)) =a + f(x) + 2y 


holds for all x,y € Rt 


Solution. Substitute 2y + 2f (z) for y, 


LHS = f (2x +2f (2y + 2f (z))) 
= f (2x + 2y + 2f (y) + 42) 
=“2+yt2z2+f(etyt2z)+2y 


On the other hand, 


RHS = f (2a + 2f (2y + 2f (z))) 
=—a+ f(x) +2 (2y + 2f (z)) 


After simplification, 
f(a@tyt2z)+2z2= f (x) +y4+2f (z) 


By switching the variables, we see that f is linear and thus, 


f(x) =2, Ve € Rt 


Remark 11. In fact, we can solve this problem by switching x,y directly. We have 


f(2f (@) + 2f (y)) = fe) + fF (@)) + 2y 


Thus, 
f(z) +f (Ff (e)) =2e+¢ 


for some constant c. According to Example 20, we conclude that 


f(x) =2, Ve € Rt 


However, switching doesn’t help for the following problem: 


Determine all functions f : Rt + R so that 


f Qa +2f(y)) =a + f (x) + 2y 
holds for all positive reals x,y 


In fact, I’m inspired by 


Example 42. (2007 A) Find all functions f : Rt > R* so that 


fiet+f@M)=fety+fy), Vey eR 


Solution. The solution is due to Andreas Dwi Maryanto Gunawan, from Indonesia. 


For any positive reals z, we have that 
fle+fy))+z2=flaty+fy) +2 
Then, take f on both side 
ffle+ fy) +2) =fF@+y) + fy) +2) 


Use the condition to reduce expressions: 


FEPY PaO thet NaI Hf et +2) Fy) tery) 


=> fletyt+z)+ fly) = fet 2y +z) 


The rest is a routine work. 
Remark 12. Jn general, if our condition is 
f(z+g ly) = 9(y) +h(z,y) 


for some functions g,h. Then we can try to compare P (x,y + g(z)) and P(x+h(y,z),y) 


Exercise. (Socrates) Find all functions f : Rt > R® so that for all x,y € Rt 


f(x+f(y)) =3f (x) — 22+ f (y) 


Sometimes, we need to use this method twice. 


Exercise. (2016 Taiwan) Find all functions f : Rt > R* such that 


f(etytf (y)) = 4030z — f (x) + f (2016y) , Vz, y € Rt 


3.3. Double Counting 


Indeed, switching and three variables method are kinds of double counting. The central 
concept is: for a particular expression, we calculate the value in two different ways. 


Example 43. (2015 APMO) Let S = {2,3,4,---} denote the set of integers that are greater 
than or equal to 2. Does there exists a function f : S + S such that 


fla) f()=f(eb") for alla,b€ S witha #b 


Solution. Notice that we have 


On the other hand, 


FW VFQ)F 2) FQ) F (2) = FAA BFA) F(2™) 
= F(2°*)F2°) £2") 
= f(2") f(2”) 


So f (2*) =1, which is absurd! Thus, we conclude that there is not such a function. 
Remark 13. If we apply the following transformation: Let g : log S — log S' defined by 
g (x) = log f (e*) 
Then we find that the condition becomes 
g(a) + 9 (0) = g (2a + 2b) 
Consequently, 
g(a) +9 (b) +g (2c) = g (2a + 2b) + g (2c) = g (4a + 4b + 4c) 
Switching the variables, we get 
g (2d) =g(d)+c, VdelogS 


And so, 
2g (d) = g (4d) = g (2d) +c = g (d) + 2c > g (d) = 2c 


It follows that g = 0, which is impossible! 


Of course, we need to have some identities to ”open” the terms. Notice that we, initially, 
have only the condition. Therefore, we usually use the given condition to do the trick. 


Example 44. (2014 Poland) Find all functions f : Qt + Q satisfying 


FFFC.- FL) ---))) = Fra) 


for all integers n > 1 and rational numbers q > 0 


Solution. We want to calculate the following expression 


in another way. By the definition of composition, 


LHS = f(F(F(..- FFF FSC. FFM) )) 
esa Or? O_o’ 


a n—-a 


It follows that 
f (a(n+1—a)q) = f (nq) 
holds for alla € {1,2,--- ,n}. In particular, 


f (a(a®-—a+1-a)q) =f ((@’-a)q) of () =f (ma), Ym EN 


by simple substitution. Now, for any x,y € Q*, write x,y as 4 ¢ respectively. Then 


f)=fdr-s)=flad)=far- w=fly) 
We conclude that f is constant, as desired. 


Remark 14. Since we expect the only function is constant, we may want to show that for 
any x,y € Q4, there are somea<né€EN andq€Q* such that 


xr=a(n—a)q 
y= ng 
This is not so obvious. The readers can try to give it a proof or a counter example. 


In most situations, it suffices to find out ”short” (because we hope to get a simple result) 
identities in the beginning. 


Example 45. (Socrates) Find all functions f : Rt — R* so that 
f(@)- f(y’) =@-y) (Fe) + fy) +f y’)) Vey ERT 
Solution. WLOG, assume f (1) =1. Notice that 
fle") -f() =F (@) -£&")) + F &) - Fe) 
Therefore, we have 


(x* — 1) (f (2) +f (2") +3) 


After simplification, 
f (*) =a (@-1)f (27) + (@ —2 41) f(z) +2(e-1) 
For convenience, let g,h be two polynomials such that 
f (2°) =a (ge (ees (a) and f (x*) =f (tof Gif (x?)) 
Our idea is to calculate f (x!2) in two ways. Since (x*)? = x! = (x°)’, it follows 


f (w?) =h (2°, f (2°), f (2°)) 
=h(2*,g (a, f (0), f (@)),.9 @, f (2), f (#4) 
=h(2°,9 (x, f (x), f (2*)).9 (2, f (a?) h (ef (2), f (2’)))) 


and 
f (2) =g9 (2", f (#*) f (#*)) 
=9 lad @st le) beet @) 7 (e))) 
= 9 (x°,h (2, f(z), f (2?) A (2, f (2) h(a, f @),f (2*)))) 


From here, one can show that 


f (2?) + f (2) =a? +2, Ve eRt 


Finally, 


f (x?) = (e@-1) (f (2) +f (2) 41) 41 =(@-1) (4241) 41=2° 


Usually, we use two operations which are commute to realize our idea. 


3.4 Exercise 


We begin with standard exercises. 


Problem 35. (2006 MOP) Find all functions f : 


R—-> R satisfying 


f(e+fy))=x+f(fy)) 


for all real numbers x and y 


Problem 36. Determine all functions f : Rt > 


Rt such that 


flety+ fy) + Fla + 2+ F(z) = FRFZ)) + F2y) + fl22) 


holds for all x,y,z € Rt 


Problem 37. (Socrates) Find all functions f : 
f(@+ f(z) +y) =f ly) + 2a, Ve,y €R* 
Problem 38. (Socrates) Find all functions f : 


f(z+2fy))=flet+y)t+y, Vz,y € RT 


Rt —+ Rt such that 


Rt — Rt such that 


Problem 39. (Mohammed Jafari) Determine all functions f : Rt + R* such that 


f(a@t f(z) + 2y) = f (2x) + y+ fy) 


holds for all x,y € Rt 


Problem 40. (2007 Romania) Let f : Q—> 


R be a function such that 


lf@)-f@|<@-y 


for all x,y € Q. Prove that f is constant. 


Problem 41. (Own) Find all functions f :N—N satisfying that for alla,b EN, 


flat f(b) =f (a? 


Problem 42. (MDS) Find all functions f : 


Rt 


Rt such that 


fa+fy))+e=fetf@))+y 


holds for all positive reals x,y 


In fact, for most problems, double counting is used to find some useful identities. Try to 
bash the following problems! :) 


Problem 43. (Cruz) Find all real functions f such that 


f (zy) = ff (x) + f(y) 


holds for all real x,y 


Problem 44. (2017 Iran) Find all functions f : R* x Rt > R* that satisfy the following 
conditions: for all positive reals x, y, z, 


eC (x,y), 2) - ay f (@,2) 


and 
POE iG) a aus ae) 


Problem 45. (2010 A5) Determine all functions f : Q* > Qt which satisfy the following 
equation for allz,y € Qt: 


FU y=2 Ft Gy) 
Problem 46. (Socrates) Find all functions f : Rt > Rt such that 
f (ve? +yf (2) +f (2)) =f (2) +2f (y) +2, Vz,y,2 € Rt 
Problem 47. (2005 A2) Find all functions f : R+ + R* which have the property: 
f(x) fy) =2f (e+ yf (2) 


for all positive real numbers x and y 


Problem 48. Find all functions f : R — R such that 


fa) ff) -D=2*f(y)-f(@), veyeR 
Problem 49. (2013 USA) Find all functions f : N > N that satisfy the equation 


fe (abe) hf (abe). f= (abe) Sa b+ 


for all a,b,c > 2 


Chapter 4 


Calculus (Supplement) 


In this chapter, we’ll fulfill some weird imaginations. I believe that for many people, at 
least for me, when they first know what a functional equation is, they will claim that only 
continuous functions or polynomials can be the solution. Yet, this imagination will be broken 
as soon as they learned some weird solutions, e.g. solutions of Cauchy functional equation. 
However, most of the functional equations have ”regular” solutions, and the word ”regular” 
may refer to continuous or differentiable. Therefore, I’ll state some definitions, theorems 
and properties in calculus and demonstrate how to obtain these properties in a functional 
equation. Also, the proves of those theorems and properties can be easily found in any 
calculus textbook, which means I’ll omit the proves here. In addition, Since this technique 
is about calculus, we always need to derive some inequalities from the equation, and hence 
it only works on some Rt functional equations and few R functional equations. 


4.1 Do You Know How to Count? 


Question. Given two sets, when would we say they have the same size? Does {dog, cat, 
rabbit, duck} have the same size as {1,2,4,5} ? How about the set of all positive integers 
and integers? the set of all real numbers? 


Answer. First we notice that if each set is finite, they have the same size iff there is a 
biection between two sets; if one is larger then the other, there is a injection from the 
smaller one to the larger one. So we want to generalize this to the infinite case. 


Definition 5. Given two sets A,B, we say |A| =|B| if there is a bijection f: A B 
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Property. For any sets A, B,C, we have 


1. |A| =|A| 


2. If |A| =|BI, then |B| = |A| 


3. If |A| =|B| and |B| = |C|, then |A| = |C| 


Definition 6. Given two sets A,B, we say |B| > |A| if there is an injection f: A> B 


Remark 15. /f there is an injection f : A— B, then there is a surjectiong: B— A. The 
converse is true if we assume axiom of choice. 


Property. For any sets A, B,C, we have 


1. If |A| > |B, |B] 2 |C|, then |A| > |C| 


2. If |A| 2 |BI, |B] 2 |Al, then [A] = |B| 


Definition 7. If |A| < |N|, we say A is countable. 


Property. /f A is an infinite set , and A is countable, then |A| = |N| 


Exercise. Prove 


NU {dog} 


Theorem 2. | 


N 
N 
N 


N 


Z| 


NxN| 


Q\, 


R| = IN| 


Proof. Although we don’t actually know what real numbers are, and the construction will 
be derived in the next section, we’ll first assume real numbers to be a integer plus a decimal 
part, but we say that 999... after some digit is same plus 1 in the previous digit. For example, 


2900 3 


In fact, we can prove that the size of real numbers in (0, 1] is (strictly) larger than N. Let’s 
assume the statement is false, which means that we can label the real numbers in (0, 1] by 
integers. Assume the 7-th number is a;, and write it in decimal system with infinite decimal 
(not end in 000...). Next, we can choose a real number x € (0, 1] such that the i-th digit is 
different from the 7-th digit of a;, and x is not a finite decimal. Therefore, x was not counted, 


and we get a contradiction! 


4.2 Construction of Numbers 

Before learning calculus, we should first know what the numbers we’re familiar with are, so 
in this section, I’ll first introduce the construction of integers, rational numbers, and real 
numbers, and deal with some basic properties of them. 

Definition 8. (Peano axioms) The set N are constructed as the following: 


1. 1 18 a@ positive integer. 


2. For every positive integer a, there is a unique successor a’, which is also a positive 
integer. 


3. Two positive integers are equivalent iff their successors are equivalent. 
4. 1 is not a successor of any positive integer. 


5. For any statement about positive integers, if one can prove that it’s true for 1, and for 
n’ under the assumption that it’s true for n, then the statement is true for N 


Definition 9. A relation ~ on S is a collection of (a,b) € S x S ( denote asaw~ b ), if a 
relation ~ satisfies the following: 


1 ree 
LEO |YS YO 
VMOU |YR ZS LA Z 
then we say ~ is an equivalent relation. 
Definition 10. Let S := {(a,b)|a,b € Z,b 4 0}, and we define an equivalent relation ~ by 
(a,b) ~ (c,d) & ad— bc =0 
then the set of rational numbers is defined to be Q= S/ ~ 


Definition 11. Define a sequence ay, d2,... converges to a as the following: 


Ve >0,4NEN, st n>N=>|a,-—al <e 


denoted by limpn—soo An = a, and a is called the limit of the sequence. 


Definition 12. Let {a,} stands for the sequence ay, d2,..., and let 
S = {({an}, {bn })| Vn = N, An, On © Q, bn, > An, 
{an} non-decreasing, {b,,} non-increasing, lim (b, — dn) = 0} 
n—-Ooo 


and define an equivalent relation ~ by 


({ants ton}) ~ ents tant) < lim (en — an) = 0 


then the set of all real numbers is defined to be R= S/ ~ 


Definition 13. [f {a,,} satisfies that 


Ve > 0,4N EN, 5.t. mn>N => lan —an| <€ 
then we call it a Cauchy sequence. 
Property. Every convergent sequence of real numbers is a Cauchy sequence. 


Theorem 3. (Completeness of real numbers) All real-valued Cauchy sequence {a,} converges 
in R , 1.e. there is a real number a such that limy_,., dn = a 


4.3 Limit and Continuity 


Definition 14. We say that a real-valued function f(x) converges to a when x tends to 
infinity af 


Ve >0,4N ER, st. cr >N>=>|f(x)-al<e 


denoted by lim, f(x) = a, and a is called the limit of f(x) as x tends to infinity. 


Definition 15. We say that a real-valued function f(x) converges to a when x tends to b if 


Ve > 0,46 > 0, 5.t. 0< ln —b) <6 => |f(x) -—al <e 
denoted by lim, 5 f(x) = a, and a is called the limit of f(x) as x tends to b. 


Remark 16. From 0 < |x — b| < 6 in the previous definition, we should notice that f(b) 
does not necessarily equal a. 


Property. The limit does not necessarily exist, but once it exists, it must be unique. 


Property. If both limn.oo An and limp... bn exist, then 


1. imp-s56 Qn E limy_506 On, = liMy_+05 An, by, 


Oe Nine. 290. Minis <6: be = itis. 420 Di 
3. Moreover, if limp soo bn #0, we have limy +o An + liMp 499 Bn = liMp_509 An + bn 
Theorem 4. (Squeeze theorem) If an < bn < Cn, and 


lint: @gy limi bg. dime, 
N+ Oo NOOO N+ Oo 


albenist, them lit, 6.0, °< lim, 4.0, limy °c,: 


Moreover, if dn < by < cn, and both 


lim a,, lim c, 
nN—- Oo noo 


exist and are equal, then limy5., by exists and equals the others. 


Similarly, we also have the functional version of the previous properties, and their proofs 
are almost the same. 


Property. Let b € [—o0, oo], if both lim, 4» f(x), lim,» g(x) exist, then 

fo Miniip 35 f(s) Ee Mints. g(t) ims a f(z) g(a) 

Bo Ving. fae pg ab Te oa fr) x Ge) 

3. Moreover, if lim, +, 9(x) #0, then lim, ,, f(x) + lim, 4, g(x) = lim,4, f(x) + g(a) 
Theorem 5. (Squeeze Theorem) Let b € |—co, ov}, if f(x) < g(x) < h(x), and 

lim f(x), lim g(x), lim h(a) 

all exist, then limy+» f(x) < lim,-4, g(x) < lim,, h(x) 
Moreover, if f(x) < g(x) < h(a), and both 


lim f(x), lim h(x) 


a—b 
exist and are equal, then lim, ,,9(x) exists and equals the others. 


After understanding the definition of limit, we can define least upper bound and greatest 
lower bound, and take limits of them in order to understand more about a function or 
sequence. 


Definition 16. Given a set S CR, we say that S has an upper bound if there exists M € R, 
such that for alla € S, « < M, and M is called an upper bound of S; similarly we can 
define a lower bound of S, and if S has both upper and lower bound, we say S is bounded. 


Property. A non-decreasing sequence with an upper bound must converge; similarly a non- 
increasing sequence with lower bound must converge. 


Definition 17. Given a set S CR, if S has an upper bound, then among all upper bounds 
of S, there is a smallest one, and this value is called the least upper bound ( supremum ) 
of S, denoted by sup S; similarly we can define the greatest lower bound ( infimum ) of S, 
denoted by inf S. 


Definition 18. Define the limit superior ( limsup ) as the following: 


lim sup a, = lim (sup am) 


n—-00 N70 m>n 
lim sup f(x) = lim (sup f(y) 
200 LOCO y>ax 
lim sup f(x) = lim ( sup a) 
xb e0t x€[b—e,b+e],c4b 


Similarly we can define the limit inferior ( liminf ). 
Property. /flimsup = liminf, then the limit exists and equals the others. 


Definition 19. Define a function f(x) to be continuous at x as the following: 


lim f(2) = f(2o0) 


ie a 0) 


or in other words, the limit of f(x) when x tends to xo is f(ao). We say f(x) is continuous 
on a set if f(x) is continuous at all points in the set. 


Property. Polynomials, rational functions, exponential function, logarithm, and trigono- 
metric functions are continuous at all points where they can be defined. 


Property. Jf both f(x),g(x) are continuous functions, then f(g(x)) is continuous at all 
points wherever it’s well-defined. 


Theorem 6. (Intermediate Value Theorem) If f is continuous on |a,b], then for any given 
y between f(a) and f(b), there must exist ac € [a,b] such that f(c) = y. 


Property. A continuous function f on |a,b] must reach its supremum. 


Theorem 7. (Bolzano Weierstrass Theorem)Given an infinite sequence a,,Q2,..., where 
a; € a,b] holds for alli, then we can find a subsequence aj,,i,,... which converges. 


Theorem 8. A non-decreasing (or non-increasing) function on (a,b) C R is continuous at 
all but countable points. 


Definition 20. A real-valued function f is uniform continuous if 


Ve > 0,46 > 0, 5.t. 0< |an—-—yl| <d => (f(x) -—fly)| <e 


Property. A function which is continuous on a closed interval must be uniform continuous. 


Example 46. Find all functions f : Rt > Rt satisfying that for all x,y € R*, 


tf(e+y)(yf(z)+l=1 


Proof. First, for all a < b, we can always find 0 < c < a. By choosing (z,y) = (c,a — 
c),(c,b — c), we can obtain f(a) > f(b). Therefore, f is a decreasing function, so we can 
apply theorem 8. In other words, f is continuous on all but countable points. In particular, 
there is at least one point t such that f is continuous at t. Given any r > t, by taking 
y =r-—t, we can obtain 


1 1 
lim f(x +r—-t)= lim = — r 
eit r= TN Gf@+) terry 7” 
Hence, f is continuous at r. Similarly, we can prove that f(r) is continuous for all r < t. 
Therefore, we have 


; . 1 1 
Ha) = Nye +a) = Oe sre) +0) 5 


Also, we can check it is a solution 


+ 


Example 47. Find all functions f : Rt > R® satisfying that for all a,b,c € 


A 


a,b,c forms a triangle <= f(a), f(b), f(c) forms a triangle 


Proof. If limsup,_, 9+ f(%) is not zero or doesn’t exist, then we can find t,k > 0 and a 
sequence @1, d2,... such that 


L. limns0 Gn = O 
2. For alln E Nf(a,) >k 


3: f(b) 2k 


By choosing (a,b,c) = (t,dn,@n), we can get a contradiction as long as n large enough. On 
the other hand, liminf, ,9+ f(x) > 0, hence by combining this with the previous result, we 
proved that lim, ,9+ f(z) = 0 Given f(a) > ¢ > 0, we can set (a,b,c) = (a,6,x), where 
6 is small enough such that f(d) < ¢. As a result, for all x € (a — 6,a +6), we have 
f(x) € (f(a) —«, f(a) + ©), which means f is continuous. 


If there exists (a,b,2o) with rz > a+b and f(x) < |f(a) — f(b)|, by intermediate value 
theorem we can obtain that for all > a+b, we have f(x) < |f(a) — f(b)|.. By taking 
y > 2a+ 2b, and let w € {a,b} be the one which its f-value is larger, we can plug in (w, w, y) 
and get a contradiction from the fact that w,w,y can’t form a triangle but f(w), f(w), f(y) 
can. Hence f(a+b) > f(a) + f(0) 

By plugging in ((a,b,a+b—«)), we can get that f(a+b—¢) < f(a)+ f(b). Let c > 0, since 
f is a continuous function, we obtain that f(a +6) < f(a) + f(b). Therefore, f is additive, 
and by combining this with f > 0 we can get that f(x) = cx for some constant c, which is 
indeed a solution. 


Example 48. (2016 APMO) Find all functions f : Rt + Rt such that for all x,y,z € 


Yor 
T 


(2+) flet+y) = fleflz) +y) + FYfl) +2) 
Proof. If there is a positive sequence qj, @2,... such that 
L. limn+0 Gn = 0 
Qe Mimi s6 FO) = OO 


We can WLOG assume that all a, < 1 by forgetting first few terms. By plugging y = 
1—w2,z =a, in the original equation we can get 


F(@f(an) + (1 = )) < (an + IFC) < 2f() 


It tells us that f((1, f(an))) bounded by 2f(1). By taking n goes to infinite, we can get that 
f((1, 00)) is bounded by 2f(1). On the other hand, if we take x > 1,y > 1 and z very large 
in the original equation, RHS is smaller than 4f(1), but LHS can be arbitrary large, hence 
we get a contradiction! 


As a result, such sequence a, don’t exist. In other words, lim sup,_,9+ f(a) exists. Assume 
lim sup,_,9+ f(z) =k, and we can find a sequence x, > 0 such that 


1. limps Un = 0 


22 Nitin. sds h(t he 


By plugging in x = y = = and by taking n — oo, we can obtain that 


(z+ Dk = lim (24+ 1)f(e,) = lim 2f(z, f(z) +2) < 2k 
noo noo 

Therefore, k = 0, and hence lim,_,9+ f(z) = 0. 

By forgetting one term in the RHS, we have that 


f(af(@) +) 


feta) 2 i 


If there exists a > b with f(a) < f(b), we can first solve x+y =a,zrf(z)+y =), 
a—b b—af(z) 


hea) > daa) 


Also, because of lim,_,9 f(z) = 0 we can choose z very small and f(z) very small, and obtain 
a contradiction! Therefore, f is an increasing function. 


We can take z > 0 and let g(x) = limp_y9+ f(a+h), hence we have that f(a+y) = g(x)+g(y). 


Moreover, take y as y + € and let « + 0*, we have that g(a + y) = g(x) + g(y). Join with 
the fact that g > 0, we obtain that g(x) = cx and hence f(x) = cx. Finally, we can get that 
c = 1 and check it’s indeed a solution. 


4.4 Differentiation 


Differentiation is a method to understand what happens to a function near some point, and 
its definition is just the limit of the slope of its secant lines. 


Definition 21. A real-valued function f(x) is said to be differentiable at xo if 


tim £2) -£@) 


za 6X — 
exists and we denote the value by # (x9) or f'(xo), which is the derivative of f(x) at xo 
Property. If f is differentiable at xo, then f is continuous at xo 
Property. If both f,g are differentiable, then 
1. (Fag =fitg! 
2 (fo) =fota'f 


3. Moreover, if g(xo) #0, then(£)’ = fycgt 


Property. Jf f is differentiable at xo, and g is differentiable at f(xo), then 
(9: f)' (xo) = 9'(F(20)) f’(@o) 


Property. [If f and g are the inverse function of each other, f is differentiable at x) and 
f'(x0) £0, then g is differentiable at f(xo) and 


; at 
g (f (xo)) —_ f'(xo) 


Property. The following differentiations are all taken w.r.t. x: 
te ("| age 
2. (e*)! = e” (where € := limpn+.(1 + +)”) 
3. (log x)’ = (where log = log,) 
4. (sinz)! = cosx 
5. (cosx)’ = —sing 


Theorem 9. (Mean Value Theorem of Differentiation) If f is differentiable on [a,b], then 
there exists c € [a,b] such that 


4.5 Integration 


Here, integral means Riemann integral , but actually we follow the definition of Darboux. 


Definition 22. Define S to be a partition of |a,b| if S = {x,...,%n|a = % < U1 < 1. < 
Ln = b}, and |S| means max'_, (x; — xj_1), which is the length of the greatest interval in S 


Definition 23. Define U(f,S) := SU", fi(a;—;_1), where f; is the least upper bound of f in 
[x;-1,v;], and similarly we can define L(f,S) by changing the least upper bound into greatest 
lower bound. Furthermore, we can define U(f) :=infsU(f,S), and L(f) :=supg L(f, S) 


Definition 24. A real-valued function f on |a,b] is said to be (Riemann) integrable if 


U(f) = L(f) 
and we can define the integral of f on [a,b] by 


[ fear = 000 


Property. [f f is continuous on [a,b], then f is integrable on {a, bj 
Property. [f f is integrable on |a,b], then f is integrable on [c,d] C [a, bj 


Definition 25. Define the indefinite integral of f, F’ by 
F(o)= f pludu 


Property. If f is integrable on both [a,b], [b,c], then f is integrable on [a,c] and 


[ fear [ fou 2 [ foe 


Definition 26. If b> a, then f f(«)dx := — i f(x)dx 


Theorem 10. (Mean Value Theorem of Integration) If f is a continuous function on [a,b], 
then there exists c € [a,b] such that 


flo) = == f sade 


Theorem 11. (Fundamental Theorem of Calculus) If f is continuous, then the derivative 
of the integral of f is stall f 


Theorem 12. (Fundamental Theorem of Calculus) If f is differentiable and its derivative 
is continuous, there the difference between f and the indefinite integral of f’ can only be a 


constant. 


Property. (Change of Variables) If f is continuous on |a,b]; g is a monotone and differen- 
tiable [a, b|-valued function, then 


[ ae ‘ae f(g(w)g (wae 


1 


where g~~ is the inverse function of g 


Property. (Integration by Parts) If f,g are both integrable on [a,b], then 


/ f(a)g'(w)da = f(b)g(b) — f(a)g(a) -{ f'(a)g(a)dax 


4.6 Ordinary Differential Equation 


ODE refers to a functional equation consisting of functions and their derivatives with only 
one variable. However in this section, Ill only go through some common form with only one 
function in the equation to be solved, and the function is required to be differentiable in the 
region; furthermore, how many times we could differentiate are usually consistent with the 
equation. 


Property. If an O.D.E. is of the form a,u™ +... + ayu' + agu = 0, where u® means the 
k-th derivative of u, and let x1,...,x, be all solutions of a,x" +... + a,x + d9 = 0, where x; 
has multiplicity m;, then all solutions of the previous O.D.E. are of the form 


u(x) = Yi P(z)e** 
where P; is a polynomial with its degree not greater then m; 


Property. If an O.D.E. is of the form a,u™ +... + a,u' + agu = f, and g is a solution of 
it , then all solutions are of the form 


u(x) = g(x) + Ui Pi(x)e* 
where P; is a polynomial with its degree not greater then m; 


Property. Jf a differential equation is of the form es = P(u)Q(x), then we can first rewrite 


the equation as 
du 
P(u) = Q(x)dx 


and then take integral on both side, 


then we can find out u, while we should notice that there is a constant difference after the 
indefinite integral. 


4.7 Lebesgue Monotone Differentiable Theorem 


In this section, I’m going to talk about Lebesgue monotone differentiable theorem. However, 
it’s a strong theorem and its proof is too complex. Therefore, I won’t prove it here and will 
instead demonstrate the usage of it. 


Definition 27. We say that a set S CR has measure zero if 


(oe) 
Ve > 0, Alai, bi],¢=1,2,..., st. SC | Jai, bi], D210; — a: <e 
i=1 
Property. The union of countably many arbitrary measure zero sets is still measure zero, 
which tells us an arbitrary countable set 1s measure zero. 


Definition 28. We say that a property holds almost everywhere (a.e.) if it fails to hold only 
on a measure zero set. 


Theorem 13. (Lebesgue Monotone Differentiable Theorem) If f is non-decreasing (or non- 
increasing), then fis differentiable a.e. 


Definition 29. We say that a subset S C X is a dense subset if every point x € X is a 
limit -point.of S; we. @= limpes53 a, for some {ag he2 © S: 


Property. Let S = (a,b) — (a measure zeor set) C R, where a,b might be oo. Then S' is 
dense in (a, b) 


Example 49. Find all functions f : Rt > Rt satisfying that for all x,y € Rt, 


f(@) Fy) = fla + yf) 


Proof. If there exists f(a) < 1, then we can choose (x, y) = (a, ExIOL, and get that f(a) = 1, 
which gives a contradiction! 


Hence, for all x, we have that f(x) > 1. Therefore, f is an increasing function. Moreover, 
we can rewrite the equation as (1): 


flet+yfle) —f@) _ fy)-1 


yf (x) y 


By applying Lebesgue monotone differentiable theorem, we can find a point x) where f is 
differentiable at. By setting x = x, y + 07, we can obtain that 


exists. Let’s assume the value is c, hence we have that 


jan £0 + Ys @)) = Fe) _ 


y+ yf (x) 
holds for all x. Also, if we plug x = a,y = i in (1), where b > a, we can get that 


By taking a > b~, we have that tah — 0+. Therefore, 


a 


van fO)= fa) _ 
a>b- =b—a 
Hence, f is differentiable on R*, and 
f(a) =e 


Therefore, f(x) = cx +d, and we can check which pairs of c,d satisfy the original equation. 


Example 50. Given a positive integer n > 2, find all f : Rt > R* satisfying that for all 
x,yER, 


n-1 
f(x") — f(y") = (e@-y) S_ f(aty? **) 
k=0 
Proof. First, we should notice that f is an increasing function. Next, we are going to prove f 
is continuous everywhere. Let y — x in the equation, and since Se (x*y"—1-*) is bounded 
when y is close to x, RHS goes to 0. Therefore, LHS suggests us that f is continuous at x”, 
and since the image of x” is R*, f is continuous everywhere. 


Then we divide by x” — y” on both side and get that 
fla") =f") __ Saco fet?) 


n-1 Sis 
gre y” fiat: aphaye 1-k 


By taking y goes to x, we can obtain that f is differentiable everywhere and 


Yet, we don’t know how to solve such kind of ODE which is involved in different points. It 
is natural to think about changing the RHS, and to achieve this we can take y > 0* and 


assume lim,_,9+ f(x) = k, which exists since it is decreasing and have a lower bound, we can 
obtain that 
f(e") —k=2(f(2"™") + (n—-1)k) 
and the fact k = 0 can be derived from the previous equation by plugging in x = 1. Therefore, 
LO). fe) 
gn-l gn 


The rest thing is just solving the ODE on Rt 


which tells that f(x) = cx for some constant x. Also, we can check they are solutions 


Example 51. Find all functions f : Rt > R® satisfying that for all x,y € Rt, 
f(x) = f(@t+y) + fle+ fy) — f(et+y)) 


Proof. First, it can be easily observed from the original equation that f is a decreasing 
function. If f is bounded above, i.e. 


jim, f(x) < 0, 
then by taking y = x — 0*, we can get that x,x + y,x+ f(y) — f(a +) all go to 0, which 
means lim, ,9+ f(z) = 0, and it contradict the fact that f is a decreasing function with 
positive value. 
If f is not continuous at some point, say 7, then we can choose two sequences Q1, @2,... and 
b,, by, ... such that a, — xp and b, + xj. Now, by plugging in y = a, 2 = b, — dn, we have 


F(n — Gn) = fbn) + f(On — On + f(Qn) — flbn)) < Fleo) + F(A); 


where k = lim, ,,- f(#)—lim,_,,+ f(x) > 0, and we obtain a contradiction by taking n — oo 
since b, — a, 3 OT. 

By taking x — oo, we can make z,x+y,2+ f(y) — f(x +) all go to infinity, and hence we 
can conclude that lim, .. f(x) = 0. By rewriting the original equation, we can get 


JB TO) Ft ear Uy aoe). leg) 


f(y) -—fla+y) f(y) —fla+y) 


Also, by Lebesgue monotone differentiable theorem, we know f’ exist almost everywhere. 
Therefore, for all x such that f is differentiable, we have 


—f(xt+y) 


because f(y) — f(a + y) > 0 as y > co. Moreover, we can rewrite the equation above, 
7 
—1 
re eee Ce 
f(z) wre fla +y) 
Note that for arbitrary x, if R.H.S. exists and does not equal 1, then f’(x) also exists because 


we can obtain f’(x) by composing L.H.S. with =~. Note that for the case R.H.S. goes to 
+oo, f’(x) = 0 still exists. However, we have 


oe —_s re 2 Sa ee CC | 
yoo flat y) ve fib+y) vie flaty) ve flatb+y) v0 f(atb+y) 


if both limy-o0 7S @ and Lins S00 ea )  oxist. Also, the last term must be greater then 1 


at+y) b+y) 
since f’(a), f’(b) < 0 and f as > ee > 1. Hence, for arbitrary x, to prove f’(x) exists it’s 
enough to find a,b such that a+b6=<2 and both f’(a) and f’(b) exist. 
Suppose f’ exists on a set S with R\ S measure zero, then for any x, (0,7) NSM (a —S) is 
non-empty since (R\S)U(R\(a—S)) is still measure zero. Take any a € (0,2) NSNA(x—S), 
and set b = x — a we can conclude that f’(x) exists. Next, let 
io 

f(z) 

and we can get that g : R* — (0, co] satisfies the Cauchy equation. Note that we don’t need 
and we can’t subtract oo from oo, but we can still say that g satisfies the Cauchy equation. 
However, it’s easy to check g can’t take both finite and infinite value. Moreover, we can 
conclude that g(a) = rx for some r might be oo. Therefore, 


7 
-1 
ee a 
f(x) 
By solving the ODE above, we can conclude that 
1 
f(z) = 2 — —log(e"* -1) 


if r € (0,00) and f(x) = constant if r = oo, and the second case is invalid. Also, we can 
check that the functions in the first case are solutions! 


g(x) = log 


= 70; 


4.8 Problems 


Problem 50. Find all functions f : Rt + R® satisfying that for all x,y € Rt, 


fW)Flafy)) = F(a +y) 
Problem 51. Find all functions f :R — R satisfying that for all x,y € 


f(w? + f(z)y) = f(x)? + 2fly) 


A 


Chapter 5 


Functional Equation in N/Z 


Recently, there are more and more functional equations in integers. For those problems, 
our previous ideas may not be enough to derive a complete solution. For instance, a linear 
function f (x) = ax + b is surjective if f : R > R, but it’s not necessarily surjective when 
f:Z-— Z. Therefore, we are going to study such problems in details. 


5.1 Mathematical Induction 


There are many great properties for integers. In my opinion, the well-ordering principle is 
one of the most important things. One simple way to solve FEs in positive integers is: 


1. Bash out f (1), f(2),...,f (&) where k is a ”small” positive integer 
2. Use induction to find solutions 
Example 52. (2015 Canada) Find all functions f : N +N such that for alln €N, 
(n-1) <f(n)f(f(n)) <n +n 


Solution. /t’s easy to see that f (1) =1. Suppose we have proved f (k) =k for allk <n, 
we must have f (m) >n for allm>n. That’s because if f (m) =k for somek <n, 


(mal) <fMmi Ems =@=1y 
We get a contradiction. Now, 
nf (n) < f(n)f(f(n)) <n? +n 


which means f (n)<n+1. So f (n) =n, as desired. 


67 


Example 53. (Base on: 2015 Mexico) Find all functions f : N +N such that 
f (a+6+ ab) = f (ab) 
holds for all positive integers a,b 


Solution. /t’s natural to guess the answer is the constant function. Note that we have 


F(2) = F(S) = FL) = F(6) = F13) = F(27) = F(9) = F(3) = FM) 


Assume that f (1) = f (2) =--- =f (k-—1) for some k > 3, then 


k=0 mod3, f(k)=f(%)=f (1) 
k=1 mod 3, f(k)=f(2k+1)= 
k=2 mod3, f(k)=f(%)=f( 
Notice our inductive step doesn’t work for k = 2, that’s why we need to bash f (2). To find 


the number k that we need to bash f (1),..., f(k) for induction, one can do the inductive 
step first and use the constraints to find out k. 


We demonstrate this idea in the next example. 
Example 54. (Own) Find all functions f : No + No such that 
f(F(@) +f) +2f ey) = ef wt+1)+yf (a+), Ve,y €No 


Solution. Stick to one of our principles, substitute zeros for variables whenever it’s possible. 
Set x = y = 0, we have 


f (2f (0)) + 2f (0) =0 


Since f is non-negative, f (0) must be 0. Now, in the original condition, take y = 0: 


It’s easy to check that f = 0 when f (1) = 0. For the other case, f is injective and thus, 
f (1) should be 1 (why). So far, the only useful identity (for induction) is 


ff (®) +1) + 2f (2) = 224+ f (a@ +1) 


IDEA: If f (x) =a, the above equation gives nothing. However, if f(x +1)=2-+1, 
ff (a) +1) + 2f (2) =3r4+1 


Assume f (1) = 1,...,f(@—1) = 2-1, then the only possibility for f (x) is x (why) 
This suggests us to proceed the mathematical induction 


P(1),...,P (2k) > P(2k+2) 3 P (2k +1) 


where P (i) means that f (i) = 7% holds. So it seems that we need P(2) and the corre- 
sponding equation (y = 2 in the original condition) 


ff (a) + 2) + 2f (2a) = xf (3) + 2f (+1) 


From above, we require P(3) and 2k >k-+3. That’s because we hope to get P (2k + 2) 
by settingx =k+1. In summary, it suffices to bash P(3),...,P (6) 


To get the value of f (3), one should notice that 4f (3) = 3f (4), combines this fact with 
F(fB) +1) +273) =64+ 74) 
we must have f (3) = 3. Since if f (3) > 3, 
FEB +Y+5/@) 23+4=7>6 
which is impossible. Finally, choose (x,y) = (3,2), 
f (5) +2 (6) =17 

According to the injectivity of f, f (5), f (6) => 5 and therefore, f (5) = 5, f (6) =6 

Let’s left this exercise as the end of the section. Try induction! 
Exercise. (2017 Taiwan) Determine all surjective functions f : Z— Z satisfying 


f (ayz + af (y) + uf (2) + 2f (2) = fle) fy) Fl) 


holds for all z,y,z€Z 


5.2 Number Theory Facts 


5.2.1 About Divisibility 


We briefly review two basic knowledges of divisibility: 
e If a| b for some a,b € Z then | a |<| b| or b=0 
k 


e Every prime p* has only k + 1 factors, namely 1, p,--- ,p 


The first one extremely important because we can usually use 


a|b—>a|b—ka 


to rewrite the divisibility condition to the form 


g(m,n, fm), f(n)) | h(m, f (m)) 


for some functions g,h. Then, we may have h(m, f (m)) = 0 whenever g is unbounded for 
a fixed m. See the following problem. 


Example 55. (2017 Balkan) Find all functions f : N > N such that 
n+ f(m) | f(n) + nf (m) 

holds for allm,n EN 

Solution. We have the equivalence 


n+ f(m) | f(n) +nf (m) 


<=> ntf(m|firnjy-v 


If there exists a s.t f (a) 4a’, then f is bdd. Obviously, f (1) is 1 (why). So, in particular, 


n+ f(1)|f(n)-n* 
—= nt+f)|f(rn)-1 


It follows f =1. In conclusion, 


Example 56. (2013 N1) Find all functions f : Zs9 + Zso such that 
m? + f(n) | mf (m)+n 
holds for all positive integers m and n 


Solution. In the relation, take m =n: 


m? + f (m) | mf (m) +m 


+ m2 + f(m) <mf(m)+m 
So when m > 2, f(m) >m. Then, take m= f (n), 


f(n)Y +f n)|f(n)f(F(n))+n 


which implies f (n)|n and thus, f (n) <n 
Clearly, we must have f (n) = n holds for alln € N 


The second small fact is also useful. The reason is, once we have 


f (p) | p* 


We have only few possibilities for f (p). Then we plug p into one variable of the condition 
to determine the other values. 


Solution. This time, set m = f (p),n =p where p is a prime, 


f (pv) +f (») | fp) f (m)) +P 
By our assumption, f (p) =1 or p. Notice that for sufficient large p, f (p) =1. Otherwise, 
p+f(n)|ptn 


which is absurd. Plug n = p in the original relation (p large): 


m? +p|mf (m)+p 


2 


= =m +p|mf(m)—m? 


Consequently, f (m) =m, Vm EN 
Exercise. (2016 MEMO) Find all functions f : N > N so that 


f(a)+ f(b) |2(a+b-1), Va,beN 


In fact, a common strategy for divisibility problems is 
e Bash f (1) 
e Try to find f (p) for large primes p 
e Use those values to find f (usually by establishing inequalities) 
Example 57. (forget) Find all functions f : N +N such that 
at f(b) | a°f (a) +" 
holds for all a,b EN 


Solution. As the second solution to 2013 N1, we tends to assert a = f (p),b=p, 
2f (p) | f (p)’ fF (P)) +P 


So f (p) =1,p,p” or p®. Because f (1) =1 (figure out!), 


pel |p ft (pyel 
It remains two cases f (p) =p or p*? However, if f (q) = for some prime q, then 
a+q|a’fla)+¢@ 
This means q is “small” (think a minute) 
In other words, we know that f (p) = p for “large” p. The remain part is left as an exercise. 
Exercise. (2016 N6) Find all functions f : NN such that 
f(m) + f(r) — mn | mf(m) + nf(n) 
holds for all positive integers m and n 


The following problem looks somehow crazy. But it’s actually a standard one for training 
induction and divisibility. 


Exercise. (2008 N5) For every n € N, let d(n) denote the number of (positive) divisors of 
n. Find all functions f :N > N with the following properties: 


d(f (z))=2, Ve EN 


and 
f(xy) | (e@-ly"f (2), Vz,y EN 


5.2.2 Euler Theorem 


Solve FEs in integers as FEs in reals, we sometimes get 
f (cn) = cf (n) 
f(nt+d)=f(n)+e 

for some constants c,d, e. Then, 


sco) =5(én) = 7(n4 E90) = f (n)+~———-e 


if d | c’ —1. Notice that if c,d are co-prime, we can apply Euler theorem to find such a k 
and thus, it’s easy to conclude 


ii)= — Yn EN 
Theorem 14. (Euler) Ifn and a are co-prime positive integers, then 
a@™ =1 modn 
Example 58. (2014 A4) Determine all functions f : Z— Z satisfying 
f(f (m) +n) + f (m) = f(n) + f (8m) + 2014 
for all integers m and n 


Solution. For convenience, let f (0) =c. Then 


f(nt+c) =f (n) +2014 


IDEA: It’s natural to proceed induction and get 
f (ke) = f ((K—-1)e) +2014 =---=c+ 2014k 


We want to compare P (n,m) and P(n,m+kc) for some k. Notice that m is ”wrapped” 
in two f, we need that k is a multiple of c. 


The simplest choice is k = c and 


f(nt+f()) +f (eC) =f) +f (Bc?) + 2014 — c = 1007 


IDEA: If we hope to use the method mentioned in the beginning of this section, then 
we should perform taiwanese transformation f — g so that g(0) =0 and show 


g (cn) = cf (n) 
g(n+d)=qg(n)+e 


Define g = f — 2014, then the condition can be rewritten as 
g(g(m) +n) + g(m) = g(n) +g (3m) 
By induction, it’s easy to show 


g (n) + 20149 (m) (n + 10079 (m)) 


=9 
= g(n) + 10079 (3m) — 10079 (m) 


which implies g (3m) = 3g (m), as desired. 


5.2.3. Perhaps Useful 


IMO, there are many number theory facts that seems to be helpful for solving FEs. However, 
I can’t find any suitable examples. So I decide to list a part of them in this short section. 


Theorem 15. (Chinese Remainder Theorem) Given m,,...,m, € Z such that (m;,m;) = 1 
for alli Aj. Then for any (,...,¢ € Z There exists C’ satisfying 


C=c (mod m), Vi 
Theorem 16. (Wilson) For a integer p > 1, 
p|(p—1)!4+1< p is a prime 
Theorem 17. (Burton) An integer n has a primitive root if it is of the form 
2,4, p* or 2p* 


where p is an odd prime anda >1 


5.3 Recursive Chain 


For problems that concern the relation between f, f?,...,f* for some k. It’s natural to 
consider the recursive chains: 


qs FC ewer ry a A ee 


Definition 30. We say that s is an ancestor of t if there is a positive integer of u such 
that 


In this case, we call that t is a posterity of s 
Remark 17. /fa is an ancestor of b4 a and is a posterity of b, then f contains a cycle. 
Example 59. (2017 Taiwan) Find all injective functions f : N+ N such that 
FIO (b) f1 (a) = f (a+b) 
holds for alla,beEN 
Solution. Obviously, the pre-image of 1 is an empty set (why) and one shall notice that 
fFIM-1 (n) = 2n 


for alln EN. Indeed, just set a = b = n into the condition and use the injectivity of f. In 
particular, there is an integer c such that f (c) = 2. Then 


20 = [VO (c) = f (c) =2 


Soc=1. From here, by induction, it’s easy to see that 1 is an ancestor of any power of 2. 
Now, for any positive integer n, take a natural integer m so that f(n+m) is a power of 2 
(why we can make such a choice?) Then, by our condition, 


fI™ (n) | f (n +m)’ 
Thus, ff (n) is a power of 2. It follows that 1 is an ancestor of n 


Exercise. Finish the solution of the above example 


Example 60. (2017 IMOC) Given a positive integer k. Find all functions f: NN s.t 
f"(n) =n+k, VneN 


IDEA: As we solve combinatorics, we shall work for small cases: For k = 1, It’s quite 
clear that m is an ancestor of n whenever m < n. So if f (n) # n for some n € N, then 
we'll have that the recursive chain of n is a non-trivial cycle i.e 


lt W)ysex Poe 


However, this is impossible because every recursive chain is unbounded. Now, for k = 2: 
If n > m such that n = m (mod 2), then n is a posterity of m. Similar to the previous 
case, we should have 

f(n)#n (mod 2), VneN 


Consider a partition of N: 


A= {1,3,5,...} ={2m—1|meN} 
B={2,4,6,...}={2m|meN} 


Then f maps A to B and maps B to A. It seems fine at the first sight. But it implies 
nEeA—>fr(n)eA 


Combine with the fact that f"(n) = n+ 2, we conclude that f contains a cycle (why), 
which is again absurd. 


Solution. Consider a partition of N: 


A; = {km+1|me€ENo} 
Ag = {km+2|meENo} 


Ap-1 = {km + (k — 1) | mE No} 
We hope to generalize our idea, that is, find a positive integer n € Ay and 
m <n satisfying f™(n) € Ay 
Indeed, just choose a large n such that 
min{n, f(n),...} >k 
then n has the desired property (why) 


Example 61. (2017 Korea) Find all functions f : N + N satisfying the following conditions: 
e For everyn EN, f"(n) =n 
e For everym,n€N, | f(mn) — f(m)f(n) |< 2017 
Exercise. Prove that if unbounded function f :N > N satisfies 
| f (mn) — f (m) f (nr) |< M, Vm,n EN 
for some M, then f is multiplicative. 


Solution. Since f is multiplicative, it suffices to determine f (p) for all primes p. As usual, 
consider the recursive chain of p, 


Det Dsl CO} 


If f (vp) =p, then we have nothing to do. If f (p) 4 p, then all the elements in the chain must 
be distinct (why). Moreover, f?~'(p) should be a multiple of p. That’s because the recursive 
chains of p and f?~*(p) are the same i.e. 


LOT Digg sl OPP? OAD eT Dcnes tp) 
Assume that f?~! (p) = cp for some c > 1, 
p= ff’ (vp) =fl@~)=flof) > f) 
However, we have f (p) is a multiple of p, again. Thus, f (p) =p holds for all p. 


Remark 18. For any finite recursive chain, 


(oe Pie) sind 
One could consider the minimal s € N s.t f* (x) = x to get some useful results. 


Exercise. (2018 Japan) Let S = {1,2,...,999} . Consider a function f :S > S such that 
for anyneéS, 


poe (n) - poe) (n) =—) 


Prove that there exists a € S', such that f (a) =a 


5.4 v2 method 


The main idea is 
1. Establish a v2 relation 
2. Use the inequality to determine some special function values 


Example 62. (2017 Taiwan) Find all surjective functions f : Z — Z satisfying 


fly+af(y)) = fe) fy) 
holds for all x,y,z €Z 


Solution. First of all, it’s easy to see that f (0) =1. Suppose that f (a) = 2, then 
f (2a + a) = 2f (x) 


We now claim that 
v2(f (x)) > ve(a@+a), Va eZ 


Indeed, this inequality holds when x +a is odd. Assume that it holds for all v2(x +a) < k. 
For vo (a#+a)=k+1, 


Lis =m(s(2-45* +a) ) =u (s(45*)) > (=F") pd = RAS 


as desired. Next, we try to show that f (2ka) = 2k +1. Suppose not, let | to be an integer 
such that f (1) = 21+ 1, then take (x,y) = ((2” — 1)a,l) in the condition: 


f (2" (2k + 1)a—1—-2ka — a) = (2k +1) 2” 
By using the v2 inequality, 
U9 (LHS) > v2 (2” (2k + 1) a—1 — 2ka) 
We hope that v2 (2" (2k + 1)a—1-—2ka) > n so we choose n = v2 (1 — 2ka). So far, we get 
f (Qka) =2k+1, Vk EZ 


Hence, f (ka) =k+1, Vk € Z and a= +1. In conclusion, 


r+1, VrEZ 
f(z) = 
—r+1, VreEeZ 


Example 63. (2018 Taiwan) Find all functions f : Z— Z such that 


flatfO)F yt f(2)) = e+ fy—-2)) y+ f@—y) 
Exercise. Suppose that F is a solution of this functional equation. 
e Figure out f (0) 
e Show that f (a+ f (x)) = 22 for allx EZ 
e Prove that f is odd and injective. 
Solution. Assume the results. We have 
2f (xz) = f(@) + f(F (2) = f 22) 


We have two cases: 


If f (Z) contains an odd integer, then f (x) =x, Vx € Z: 


Suppose d is an odd (why) integer so that f (d) is odd. Substitute x +d for y in the 
original FE, since 


RHS = (2x 4 f (d)) (22 + 2d — f (d))=1 (mod 2) 
by our assumption. So f (x +d-+ f (x)) must also be odd and it follows (why) 
v2 (f (a)) = v2 (@) 


r— 


Now, substitute afte) for y. After simplification, one shall have 


t(e+s(PP)) = 20-2 


Notice that 2x — f (x) = f (f (x)). By injectivity, « + f (=42) = 


both side, 
v2 (f (4) — 2) = v2 (1 (=) ee (—") 


From here, it’s easy to get f (x) =a forallxeZ 


(x). Take vg on 


If f (Z) contains only even integers, then f (x) = —22, Vx EZ 


Apply Taiwanese transformation, define g : Z > Z@ by f (x) = —2g(x). Then we can 
rewrite our previous results 


1. 2g(g(x)) = g(x) +2 holds for all integer x 
2. g(2g(x) — x) holds for alla € Z 
3. g is odd, injective and satisfies g (2x) = 2g(x), Vr EZ 
Furthermore, the original FE becomes 
9 (29 (x) — 9) 9 29(y) —#) = (4+ 9(e@— 9) (Y—9(y— 2) 


In this equation, replace y by g(a): 


(es @yeCso yp =o) = (ee 
and 
RHS = (x +9(—9(2))) (9() +9 (9 (0) -2)) < (ae 


So we must have 
z+ g(x—g(x))=9(2) + 9(9 (x) —-2z) 


which means 


Again, by g (2x) = 2g (x), 
v2 (g(x — g(x))) = v2(g (x — g (z))) 


by induction. So g(x) =x is the only possibility, which is indeed a solution. 


Remark 19. This problem can be solved without using v2, sad. Anyway, if one has 


f (px + q) = pf (2) 


for some prime p and q € Z, then one could consider to establish a v, relation. 


5.5 Problems 
Problem 52. Find all functions f : Z— Z such that for all a,b,c € Z, 
f(a +b +e?) = f(a) +f) + £(0) 
Problem 53. (2003 USA) Find all functions f : NN so that 
f (m+n) f(m—n) = f (m’) 
holds for all positive integers m,n 


Problem 54. (2012 IMO) Find all functions f : Z — Z such that for all a,b,c € Z with 
a+b+c=0, we have 


f(a) +f) +f (O° =2f @) f() + 2f 0) FO + 2f (Of (@) 
Problem 55. (2014 A6) Find all functions f :Z— Z such that or all n € Z, 
n> +4f (n) = f (f (n))° 
Problem 56. (2004 N3) Find all functions f : NN satisfying 
f (m)? + f (n) | (m2? +n) 
form,nEeN 


Problem 57. (2011 N3) Let n > 1 be an odd integer. Determine all functions f : Z > Z@ 
so that 


fie) —=7 gy aay 
holds for all x,y € Z 


Problem 58. (2016 Turkey) Find all functions f : NN such that for allm,n EN, 
f (mn) = f (m) f(r) 


and 
m+n| f(m) + f (n) 


Problem 59. (2012 A5) Let f : NN be a function. Suppose that for every n € N there 
exists ak € N such that f?*(n) =n +k, and let k, be the smallest such k. Prove that the 
sequence ky,ko,... 1s unbounded. 


Problem 60. (2007 N5) Find all surjective functions f : N > N such that for m,n € N 
and every prime p, 
p| f(m+n) +p f(m)+ f(r) 


Problem 61. (2015 A5) Find all functions f : Z— 2Z+1 satisfying 
f(a+f(e)+y)+fe-flt)-y)=flet+y)t+fe-y) 


holds for every x,y €Z 


Problem 62. (2018 China) Functions f,g:Z— Z satisfy 


fig(@)+y=9(F&) +2) 
for any integers x,y. Show that if f is bounded, prove that g is periodic. 
Problem 63. (2015 N6) Consider a function f : N +N with the following two properties 
1. Ifm,n EN, then es EN 
2. The set N\ {f(n) | n € N} ts finite 
Prove that the sequence f(1) — 1, f(2) — 2, f(3) — 3,... is periodic. 


Problem 64. (2018 China) Let M,a,b,r be non-negative integers with a,r > 2, and suppose 
there exists a function f :Z— Z satisfying the following conditions: 


e For alin eZ, f’(n)=an+b 
e For alln > M, f(n)>0 
e Fordin>m>M,n—m| f(n)— f(m) 
Show that a is a perfect r-th power 
Problem 65. (2013 A5) Find all the functions f : Zso + Zso satisfying the relation 


FFF M)=fat+)+1 
for all n € Zso 


Problem 66. (2018 Kazakhstan) Does there exist a function f : N +N such that 
f (mf (n)) = f(m) f(m+n)+n 
holds for allm,n EN 


Problem 67. (2018 Taiwan) Find all functions f :N—N such that for x,y €N, 
flat+yf(@))=a+ fe) fw) 
Problem 68. (2011 Iran) Suppose that f : N > N is a function for which the expression 
af (a) + bf(b) + 2ab 
is always a perfect square for alla,b € N. Prove that f(a) =a for alae N 


Problem 69. (2013 N6) Determine all functions f : Q— Z satisfying 


(0) 1 


forallxEQaeZandben 


Problem 70. (2016 Taiwan) Find all functions f :Z— Z such that 


ff) +fw)+fafw=fletyfle-y) 


for all integers x,y € Z 


Chapter 6 


Polynomial 


In the chapter, we are going to discuss some problems about polynomials. The first type is 
polynomial functional equation, there are two general ideas to solve such problems: 


1. Consider the root with absolute value a. Show that if a 4 c for some constant c, then 
we could generate infinitely many distinct roots 


2. Guess the solution and apply Taiwanese transformation. After that, rewrite the equa- 
tion and compare the coefficients. 


The second type is about Z|x], we usually use n —m | P(n) — P(m), which follows by 
e—y|2°—y=(e—y) rte ty) 


But, as usual, we should review some basic knowledges about polynomials (one variable). 


6.1 Terminology 
Roughly speaking, a polynomial is a special function of the form 
Uk Gy fp cea 


for some positive integer n (called degree) and ” coefficients” ag ~ a,. For example, 


are polynomials of the variable x. If the coefficients of a polynomial are all integers, then 
we'll say it an integral polynomial. For convenience, we use the notation Zz] to represent 
the set of all integral polynomials. Similarly, we have rational polynomials Q[z], complex 
polynomials Cz], very complex polynomials QAQ|z], etc. 
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6.2 Factorization 


Just like what we did to integers, we want to ”factorize” polynomials. 


Definition 31. A polynomial P (x) is factorizable in K if there are two non-constant poly- 
nomials Q (a), R(x) € K[a] such that 


holds for all x. (Here K can be Z,Q,R,C or anything you want) Moreover, we say that P 
is divided by Q and R 


For complex polynomials, this issue is not so complex. That’s because we have 


Theorem 18. (Fundamental theorem of algebra) Every polynomial P (x) with complex co- 
efficients has a complex root. 


Combine this with the following theorem, 
Theorem 19. /f a is a root of P(x) i.e P(a) =0, then 


(x — a) | P (a) 


Proof. Like numbers, we can perform long division algorithm. 


it’s easy to see that every polynomial P (2) with complex coefficients has exactly deg (P) 
complex roots. So every complex polynomial can be split into linear factors: 


(x — a1) (@ — Ag)... (4 — An) 


And for real polynomials, we need a small fact: If 3 is a complex root of P € R{z], then 8 
is also a root of P. It turns out that every real polynomial can be split into 


(C= O)asl( a= O;,) (a? + Bja+m) oe (a? + Bin& + Ym) 
Back to Q/z], Z[z]. In fact, we have no general answer, but one could provide partial results. 


Theorem 20. [f % is a root of P € Z{x] and 
P (x) = ant” + a@n_yz™ 1 +--+ +a 


then p| an and q | do must hold. 


Proof. Apply the previous result, we have 
(px — q) | P(z) 


Furthermore, we know that P (x) = (px — q) Q (x) for some Q (x) € Z[x]. Finally, compare 
the coefficients, it’s easily to see p | a, and q | ao 


Surprisingly, they are essentially the same. 


Theorem 21. (Gauss) If a polynomial P € Z|ax] is irreducible over Q, then it’s also irre- 
ducible over Z. That is, if 


P(x) = A(x) B(«) = P (az) = A(a) B(z) 
where A, B € Q{x] and A, B € Z[z] 
Definition 32. A integral polynomial anx” + an_1x"~' ++++ + a9 is called primitive if 
(Gps tp As +k, Gp) = 1 


Proof. WLOG, assume that P is a primitive polynomial. Then, choose four positive integers 
DPA, GA; PB; dp such that A = 8 = pease In addition, A, B are primitive (How?). So 


P (x) = A(x) B(x) — papsP (x) = qaqpA (2) B (x) 


Clearly, we must have qaqgp = 1 because our assumption: P is primitive. It remains to show 
pappB = 1. Suppose 


If pape # 1, one can find a prime p and 7,7 so that c; and d; aren’t divided by p while 
Gi-1,---,€9,4;-1,-..,do are divided by p. This is also based on the fact A, B are primitive. 
However, it follows that 


Gap PG garda tb eg Ph Gedy et Py 


isn’t divided by p, which is absurd. 


According to this lemma, we only need to focus on factorization of Z[{z]. 


6.3 Irreducibility 
There are lots of criterions about irreducibility of polynomials. In this section, we list out 
some of them. 
Theorem 22. (Hisenstein) Given a prime p and a polynomial P € Z|x| of the form 
et" Kaye es ns 

If it satisfies two conditions 

1. An # Gn_1,---,@) =O (mod p) 

2. ag £0 (mod p”) 
Then P is irreducible over Z 


Proof. Suppose on the contrary, P is the product of two polynomials A, B. WLOG 


A(x) = 2? +c 12? 1 +--+ +09 
B(x) = 29+ dg 27+ +---+dy 


Assume that c; and d; aren’t divided by p while c_1,...,¢9,dj-1,-..,do are divided by p. 
Then, compare the coefficients, we have 


ai+; = cd; + p x (something) 


This is possible only when 7+ 7 =n. However, this contradicts to the second condition. 


Example 64. (1993 IMO) Prove that for all n € Nso, 


go” + 5a" 1 +3 
is irreducible over Z 


Solution. Although there are not sufficient conditions to apply Eisenstein, we could still use 
the spirit. Now, we don’t know whether x” + 5a"~' + 3 is irreducible or not. But we could 
easily factorize x” + 5x"~! into 

x” (2 +5) 


So we firstly work on Z3 then back to Z. In Zs|z], 
a+ $a" 143 =a" +2" tb =e"! (x42) 
If x” +52" !+3 is a product of two polynomials A, B, then they have the following form, 
A(e) =a" Bay =a" *"' (e+2) 


in Z3|x] Moreover, it’s clearly thatk £0 andk #n-—1. Therefore, the constant term of 
AB must be divided by 9, which is absurd. 


Remark 20. Whenever the polynomial becomes simpler in Z,|x| for some prime p, one can 
obtain informations about the polynomial. In the previous example. after analyzing, we know 
that many coefficients are divided by p = 3. 


Another common way to determine the irreducibility is bounding the roots. We demon- 
strate this method by proving an interesting theorem (though, useless for olympiad) 


Theorem 23. (Cohn) Given a number b and a polynomial P (x) = anv” + dna") +++ + 
ag € Zia] such that 


10< Qn; An—1,+++,49 < b 
2. (GrGn—1--- ao), 1s a prime number. 


Then it’s irreducible over Z. In other words, if you have a prime in the base b, then you can 
generate a irreducible polynomial. 


Proof. Notice that by definition, 
P (b) = Ab" + aay +++ +49 = (GnGn—1 Eve ao), 


So if P is a product of two polynomials A, B, then one of |A(b)|,|B(b)| must be 1. To 
derive a contradiction, we show |A (b)|,|B(b)| > 1: Indeed, factorize P into 


(x — a1) (@ — ag)... (4 — An) 
Then it suffices to show (b — a;) > 1 for every 7. When |z| > 6—1 with Re (x) > 0, 


|P (x) | = lana" + Gn"? + +++ +49 


Sa haa ae ae 


—l 
>(1-3 Jor >o 
v2— 2 


The following theorem leaves for the readers. 


Theorem 24. (Perron) For an integral polynomial P(x) = x" + dn, @” + +++++ a9 with 


ao # 0, of 
lan—1| > 1 + |an—2| +--+ + Jao] 


then it’s irreducible over Z 


Example 65. (2007 Iran) Is there an infinite sequence of pairwise co-prime positive integers, 
do, 41, 02,..., satisfying 
n 
Ya 
i=0 


is irreducible for alln € N? 


Solution. Take a; to be a large prime (compare with ao,...,a;-1). We claim that this 
sequence works. If not, there exists two polynomials A, B such that 


oe a;x' = A(x) B(x) 


for some m. However, because Adm 1s big enough, the roots of 3 a,x’ have absolute values 

less than 1. In particular, it follows that ag can’t be any policies a contradiction. 
We close this section by learning a special trick. 

Example 66. Given a prime p, find all pairs of integral polynomials (f,g) so that 


cP —1 


f(g (@) == 


Solution. The magic step is to differentiate both sides w.r.t x: 


P(g@+))g'(e +1) = a - (i) ttt Ge) 


= (por? + (p-2) (Ter t4-4( ?) 


p-—2 
According to Eisenstein criterion, the last polynomial is irreducible. Thus, there are two 
possibilities, f’(g(a)) is constant or g' (x) is a constant. Assume that f is linear, then 
oP 4a? 4+---4+4%+4+(1-5) 
a 


for some integers a,b. Since g has only integral coefficients, we must have a = +1. So in 
this case, our answer is 


f(e)=£(e48), (0) =*(S=P-0) 


For the other case, it’s obvious (consider the leading coefficient) that g(x) = +(a +b) and 


+ (a2 —b)?-1 
i ae +(x-—b)-1 


g(x) = 


for some integer b. 


6.4 Polynomial Functional Equation 


6.4.1 Naive Method: Compare the Coefficients 


It’s obvious that solving polynomial function equations is equivalent to solving a system of 
equations. For instance, if we want to find all polynomials satisfying 
P(e)? = P (22) 
We can write P(x) = a,2" + Gn_12" +--+ + a and try to solve 
(Gp2" + Gye") +++ + ag)” =ar™ + a2_ja' 7+. +a8 


which means (for convenience, a; = 0 for all 7 < 0) 


n ai ifi=0 (mod 2) 
Dd aaig =) 
j=0 


This is not easy to solve. Anyway, there are still some advantages. Perhaps we could 
determine the leading coefficient and the constant term by the naive method. 


0 otherwise 


6.4.2 Bounding 
Example 67. Find all polynomials P € R(x] such that 
P@Pety=Pe) 
Solution. Jf P is non-constant, consider any root a of P. Simply plug a into the equation, 


P (a?) = P(a) P(a+2) =0 


we know that a? is also a root of P, which implies |a| = 1. Otherwise, a,a?,a*,... are 
distinct roots of P, which is absurd. 


Here is another way to generate roots. We substitute x by \/a, 
P (Va) P(Va+2) = P(a)=0 
There are two possibilities 
e a is a root of P 
e /a+t+2 is a root of P 


Notice that the second possibility can hold only when a = 1, so if P has a root B #1, then 
b,J/B, </B,... are distinct roots of P. which is impossible. We conclude 


P(x) =0,P (x) =1 and P(x) =(a—-—1)" for somen EN 


are solutions. 


6.4.3. Taiwanese Transformation 


Example 68. (Revisited) Find all polynomials P € R(x] such that 


P (x) P (a +2) = P (2”) 


Solution. Again, we ignore the constant answers. Notice that the leading coefficient a, of 
P satisfies (compare the coefficient of x? 48) ) 


Oiseg(P) = Adeg(P) 


So it must be 1 (it can’t be zero, of course). Suppose that deg(P) = n, we hope to show 
P(x) =(x—1)" under this assumption. Define Q (x) = P(x) — (x —1)", then it satisfies 


(Q (2) + (@ — 1)") (Q (e+ 2) + (@ +1)") =Q (2) + (@’ - 1)" 
After reduction, 
Q(z) Q(x +2)+(@-1)" Q(z +2) + @+1)" Q(z) =Q(z’) 
This equation will never happen. Because the degree (as a polynomial) of LHS is 
max (2 deg (Q) ,n + deg (Q)) = n + deg (Q) 
and that of RHS is 2 deg (Q) < n+ deg (Q) 
Remark 21. The steps of this method are 
1. Guess the solution 
2. Find some properties by simply compare the coefficients 
3. Apply Taiwanese transformation and rewrite the equation 
4. Compare the degrees 
Moreover, this method seems that it works when a family of answers exists. 


Exercise. (2017 Taiwan) Find all polynomials P with real coefficients which satisfy 


P(z)P(x+1)=P(2?—-x+3) VWreR 


6.5 n—m|P(n)— P(m) 

This lemma is quite trivial and quite important. Let’s see how it works. 

Example 69. Find all polynomials P (x) € Z|x] satisfying for all positive integers n, 
P(n)|2”-1 


Solution. Jf P is not constant, choose any n € N so that |P(n)| > 1. Find an arbitrary 
prime p so that p| P(n). Sincep| P(n+p)—P(n), we get that p | P(n+>p). In particular, 


p|2"-1, p|2"?-1 

which is impossible by Fermat’s little theorem. 
Example 70. (2016 ELMO) Find all polynomials P (a) € Z|x| such that 

n | P(2") 
holds for nature numbers. 
Solution. We hope to get something like 

n|P(a) 
and conclude that P (a) =0. According to the condition, we have 

n|P (2m) 
To use the lemma, it suffices to find m so that 

™ =a (mod n) 

A natural way is to choose n to be a prime because of Fermat’s little theorem. If so, 

n | P(2™) 
Just take n to be large enough, it follows P (2™) =0 for allm and so P=0 


Remark 22. For many integral polynomial problems with divisibility conditions, it’s common 
to take a prime that divides LHS. Then, use our crucial lemma n—m | P(n)— P(m) and 
the well-known Fermat’s little theorem 


Pp 


a’ =a_ (mod p) 


Exercise. Find all polynomials P (x) € Za] such that 
P(p)|(-Vi+1 
holds for all prime numbers p 
Exercise. (2004 Iran) Find all integral polynomial P (x) satisfying 
(m,n) =1 (P(m),P(n)) =1 

Exercise. (2018 TSTST) Determine all functions 0: Z|x| > Z so that for any p,q € Zia], 

e O(p+1)=O(p)+1 

e If (p) £0, then 6 (p) | @(p- a) 


Example 71. (IMO 2006) Given n € N and a non-constant, integral polynomial P (x). 
Prove that the polynomial 


has at most deg P fixed points. 
Solution. Suppose a, >--- > ay, are fired points of Q. Then, 

a; — a; | P (ai) — P (aj) |---| Q (ai) — Q (aj) = a; — a; 
This means P (a;) — P (aj) = + (a; — a;). By triangle inequality, 


k-1 


a, — ay = |P (a1) — P (ax) | = | De (P (ai) — P (ai41))| 


k-1 
< S$ |P (ai) — P (aix1)| = a1 — a 


It follows P (a;) — P (ai41) have same signs. Therefore, P (a;) =a;+c for some constant c. 
So a1,..-.,a,% are distinct roots of P —c, the conclusion follows. 


Remark 23. Like FEs with divisibility conditions, don’t be hesitate to replace | by < 


Chapter 7 


Appendix 


7.1 A. Removed Exercises 


These problems are originally in the section 1.6. I removed them from 1.6 because of difficulty. 
They are not friendly for beginners. Also, some of them are messy, one should handle lots 
of cases. This is not a necessary skill for that moment (just completely understand chapter 
1). But we can learn other ”unpopular” techniques by solving these functional equations. 
For instance, consider the special set (fixed point or root) and analysis (not only extend to 


the whole domain, what we did in chapter 2). 


Problem 71. (2014 EGMO) Determine all functions f : R > R satisfying the condition 
f(y’ + 2xf (y) + f (2)’) = (yt f(@) (e+ Fy) 


for all real numbers x and y 


Problem 72. (2014 Turkey) Find all functions from real numbers to itself such that for all 


reals x,y, 


f(f(y) +2? +1) 4+2e=y4+ f (xt) 


holds. 


Problem 73. (2015 India) Find all functions f : No + No such that 
f (m* + mf (n)) = mf (m+n) 


holds for all m,n € No 


Problem 74. (2015 IZHO) Find all functions f : 


R > 


R such that 


f(e®+y+2y) =2f (x) 4 


A 


holds for all x,y € 


95 


by’ f(y) +f (xy) 


Problem 75. (2015 MEMO) Find all surjective functions f : N > N such that for all 
positve integers a and b, exactly one of the following equations is true 


f (a+) = min{f (a), f (6)} 
Problem 76. (2015 Moldova) Find all functions f : N > N that satisfies 
f (mf (n)) =n + f (2015m) 


for allm,neN 


Problem 77. (2016 Korea) Determine all functions f : R > R satisfying the following 


f (wf (y) + uf (2) + 2f (@)) = uf (@) + 2f (y) + ef (2) 


for allz,y,zER 


Problem 78. (2016 MEMO) Find all functions f : R > R such that 
f (2) fw) =2f (f(y —a)) + af 20) + fF (2’) 


holds for allz,y € R 
Problem 79. (2016 Iran) Find all functions f : Rt + R* such that 


fwfla+fy) =f (a) f(xy) 


holds for all x,y € Rt 


Problem 80. (2016 Japan) Find all functions f : RR — R such that 
f (yf (@) — x) = f(x) f(y) + 2a 


holds for allz,y €R 


Problem 81. (2017 ELMO) Find all functions f : R — R such that for all real numbers 
a,b and c: 


1. Ifat+b+e>0, then 

f(@) +f (0) +f (ce) = 3f (abc) 
2. Ifatb+e<0, then 

f(@) +f (8) +f (ce) <3f (abe) 


7.2 B. Removed Examples 


In the beginning of this project, I planned to use shortlist problems to demonstrate some 
ideas. But I finally realized that it’s better to leave them as simulation tests for the readers. 


Example 72. (2014 A2) Determine all functions f :Z — Z satisfying 
f(f(m) +n) + f(m) = f (n) + f Bn) + 2014 
for all integer m and n 
Example 73. (2014 A6) Find all functions f :Z— Z such that 
n? +4 (n) = f(F (n))° 
for alln EZ 
Example 74. (2015 A2) Determine all functions f :Z— Z with the property that 
fa-fw=fF@)-fy-1 
holds for all x,y € Z 
Example 75. (2015 A4) Determine all functions f : R > R that satisfy the equation 
fla+fla+y))+ fey) =ae+ flety) +yf(@) 


for all real numbers x, y 


Example 76. (2016 A) Find all functions f : Rt + Rt such that 


af (x) f (fF) +f UF (2) = f (ey) (FF (2?) +f (FY) 
holds for all x,y € Rt 


Solution. As usual, consider some simple assertions: P(1,1),P(x,1),P(1,y), we have 


fFWM)=fOF(F (y’)) and cf (2) =f) 
One should find out the following identity 


So we tend to show that f is injective (why) Suppose a, 3 € R* such that f (a) = f (G) Then 


f (f (a?) = oa = ao =f (f (8?)) 


Compare P (a,y) and P(8,y), we know f (ay) = f (By) holds for all y € R*. Now, 
ayf (y°) = ayf (a’y*) = f (ay) = f (y) = f (By) = Buf (By?) = Byf (y*) 


Thus, a = 8, as desired. The injectivity implies that f (x?) = f (x)’, it follows that 


1 
f(z) =-—, Vee Rt 
x 


which is indeed a solution! 


Example 77. (2016 A7) Find all functions f : RR such that f (0) 40 and 


f(w@+y) = 2f (x) fy) +max{f (x’) + f(y’) .f (2? +9’)} 


holds for allz,y €R 


Solution. Because there is a strange condition f (0) £0, I tend to find out f (0), 
P (0,0) +0 = f (0)° + max{2f (0), f (O)} 


Since f (0)? > 0, we get max{2f (0), f (0)} <0. So f (0) < 0 and thus, f (0) = —1. Now, 
because we know the value of f (0), we tend to assert some zeros to variables 


P(¢,0)> f@) =f @)+f@) Sf @) =f @) +2f @) 
Replace x by —z, 
f (x?) = f (-2)? + 2f (-2) > f (x) = f(—2) or f (x) + f (-2) = -2 


Always remember to determine the special values. The above implies f (1) = —1 or 0 


We first consider the case that f (1) =0: In this situation, f (—1) =0 or f (—1) = —2. We 
claim that f (—1) =0 is impossible. Suppose on the contrary, f (—1) = 0 


P(x,1),P(x,—-1) > f (x +1)? = f (a -1) 
In particular, f (2) = +1 and f (—2) = +1. Notice that 
P(1,1) > f (2)° = max{0, f (2)} > f (2) =0 or 1 
We conclude that f (2) =1 and 


P (x, 2) > f (x)? = f (w+ 2)? = 2f (x) + max{f (x?) +3, f (2? +4)} > 2f (x) +2 


which is clearly impossible (why) Therefore, f (—1) = —2 and 
P(z,1),P(z,—-1) > f (a +1) — f (a-1)? =4f (2) 
It follows that f (—2) = —3 and f (2) =1. Again, 
P (x,2),P (x, -2) > f (vw +2)? —f (w — 2)? = 8f (2) 
Now, a simple trick 


8f (x) = f (x +2)? — f (w- 2)? = (f (x +2)" — f (z)’) 
+ (f (x)? — f (x - 2)”) = 4f(4#+1)+4f (#-1) 


tells us 2f (x) = f(x+1)+f(e-1). And then 
af (2) =f (e+) —-f@-1) =2f (@) (f(@+1)-f(e-B) 


We claim that there isn’t any real b £1 such that f(b) =0 
If not, there are two cases: f (—b) = 0 and f (—b) = —2. Assume f (—b) = 0, 


P(b,y),P(b,-y) > f (b+y) =f (b-y) 
Recall that f (x +1) — f (a — 1)? = 4f (2), 
4f(b+y+1) =f (b+y+2)-f(bt+y) =f (b-y—2)° -f(b-y)’ =-4f (b-y-1) 
So f(b+y+1 +f (b—yt1) =0. Similarly, we have 
f(-b+y+I)+f(-b-y+1)=0 


and one can see that f is periodic. However, f can’t be eventually periodic (why) On the 
other hand, consider f is not periodic and f (—b) = —2, then 


P(b,1),P(-b,-1) > f (0+ 1)? = f (-b- 1)? —8 & 2f (-b— 1) —-2f (b+1) =8 
So f (b+1) =1 and according to f(b+y+1)+f(b-—y-—1)=0, we have 
PG=)==1;f Qb=2)=2 


Then, 
P(g,b—1),P(a,1—6) > f (an +b-1) = f (a -14+0) 


P (x, 2b — 2) + f (x? + (2b—2)*) = f (27) 


which is again a contradiction. From this result, we have 
f(a@+1)-—f(#-1)=2 


for alla € R. Now if f (a) = f (—a) for some non-zero a, 


P (a,a),P(a,—a) > f (2a) =+1 


So f (2a +1) =0 and thus, 2a+1=1—>4a=0 orl, absurd. Consequently, 


f(a)+f(-2)=-2, VeeR 


and this also implies f (x) f (—x) = —f (x?) by Vieta’s theorem. 
P (a,x) + 1=—2f (x?) + f (227) 


In other words, f (2x) = 2f (x) +1 whenever x > 0. But we have a relation between f (x) 
and f (—x), namely f (x) + f (—x) = —2. We get f (2x) = 2f (x) +1. Finally 


P(a,y),P(e,-y) > (Ff (@+y)+f(@—y)) FE (ety) —f(@—y)) = 2Ff &) FS) - F(-y) 
Replace x,y by 2x,2y, respectively, and use f (2x) = 2f (x) +1, 


fe@+y+fe-w=2fe)s ¢@+y)4+04+0 @-y+)D= 0 G@e)+) 


As the result, the function g = f +1 satisfies the condition of theorem 1 (why) and it follows 


f(x) =x-1 holds for all cE R 


Next, let’s consider the case that f (1) =—1: We still want to know f (2), f (—2), 
PO,-)eFQ=-L 7-2 s1 
Then, as usual, we assert y = 2, 
P (x,2) > f (2?) = f (27 +4) 

From 

P(z,y),P (#,-y) > f (e@+y)* — f (e@—y)* = 2f (x) (f(y) — f (-y)) 
Given any y > 0, choose a sufficient large a with f (x) = —1 (how) then we get 

fy) =F ley) 

One conclude that f (x) = f (x +4) holds for alla €R 


Because we expect the only solution in this case is the constant function —1, we thus want 
to show f (x) = f (—ax). Suppose that there is a real a such that k = f (a) — f (—a) £0, 


P(x,a),P(x,-a) > f (x +a) — f (c —a)? = 2kf (2) 
If f (2a) # f (—2a), then we can apply the previous simple trick 
P(a,a),P(a,—a) — f (2a) — f (—2a)” = 2 (f (a)° — f (-a)’) 
which is non-zero (why) So 
f ( + 2a)” — f (w — 2a)’ = 2(f (2a) — f (—2a)) = 4kf (2) 


Thus, it’s easily to see 2f (x) = f(x«+a)+ f(«—a) and f must satisfy f («+a) = f (x) 
since it’s already periodic. But this is absurd since f (a) 4 f (—a). Therefore, f is even 


P(2,y),P(,-y) > f(@+y) =f (e-y) 


and thus (why) 


f(x)=-1 forall ceER 


Example 78. (2017 A6) Find all functions f : R > R such that 
fF @) fo) +fle+y) =f (ey) 
Solution. First of all, 
P(x,0) > f (f (x) f (0)) + f (x) = f (0) 


Clearly, if f (0) = 0, then f = 0. So we consider the case that f (0) 4 0. To get a simple 
expression, we solve the equation 


x 
=] 


p (2,2) +#(s@r()) =0, Vz £0 


In particular, f (x) 40 whenever x #1 
It follows that f (1) =0 and f (0) = +1. Assume f (0) = —-1 


etyH=ayeScHFl and y= 
a 


Then 


Piel) fee) Sse 


Apply ”Taiwanese Transformation”: g = f +1, the condition becomes 
g(9(@) gy) — 9 (@) — gy) +9 (@ +9) = 9 (zy) 
Since g(x +1) =g(x) +1, 
Q(z,y):9(9(@)g(y)) +9(e+y) = Gg (ey+aty) 
To avoid complicate calculation, substitute 1,—1 for y: 


g(g(z)) +9 (@+1) =g (2x +1) > g(g(z)) +9 (2) 
9(—g(z)) + 9(@-1) =9(-1) > g(-g(z)) =—-9 le 


Combine those results, we have g (—2g (x)) = —2g (x) and thus, 
Q (x, —2) > g(—29(@)) + 9 (@ — 2) = g (—@ — 2) > g is odd 


Consequently, g (g(x)) = g(x) and g(nx) = ng(x), Vn EN by easy induction. Note that 


(a 


Q(na,ny) > ng (g(z)g)) + 9(@+y) =g(nayt+at+y) 
Now, consider any two reals a < b, we hope to find m and x,y such that 


zgt+y=a 


_— a+b 
y M@LY = > 


rty+2mazy =b 
That is, 
b-—a 
2m 
We just need show the discriminant is non-negative. The discriminant is 


a 4-4) 


2m 


c+y=a,ty = 


> 0 


Take m be a sufficient large integer, we get the desired result and so g is Cauchy! From 
Q (x,y), we have 

9 (9 (x) 9(y)) = g (zy) 
Finally, assume g(a) = g(8), then g(a— 6) =0>~a—6 =0 (notice that g is injective at 
the point 0) and g(x) = x. In other words, 


f(z) =ax2-1, VrER 


The case that f (0) = 1 can be solved in a similar way and get another solution: 


f(z) =1-2, Vr ER 


